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XIV. Account of Pendulum Experiments undertaken in the Harton Colliery, for the
purpose of determining the Mean Density of the Earth.
By G. B. A1ry, Esq., Astronomer Royal.

Received December 26, 1855,—Read January 24 and 31, 1856.

SectioN I.—1Introductory and Historical.

1. IN the spring of the year 1826, the idea occurred to me of attempting a deter-
mination of the Mean Density of the Earth by means of pendulum-experiments at
the top and the bottom of a deep mine; and rough preliminary calculations, which
seemed to show that the effect of accidental errors of observation on the ultimate
result would probably be less than in the methods which up to that time had been
used, confirmed me in the wish to try it. The nature of these preliminary calculations
was nearly the following.

2. Conceive the earth to be a sphere of radius R and mean density D, surrounded
by a spherical shell of thickness ¢ and density d, so that the radius of the external
surface is R4-c. As the attraction of the spherical shell upon a point at or within
its inner surface is nothing, the attraction at the confines of the inner sphere and
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shell is represented by T RT3 RD; and the attraction at the external surface of
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533 RD<1—-—-+?’—° -‘i) Calling the gravity at those two points respectively G and g,

the shell is represented by

, which to the first power of —c— is
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and Z G as the only quantities in this equation liable to sensible numerical error,

3 (%) =?% B(%) As the density of the shell, or d, may be ascertained by actual

examination,B )— Kl SD, and therefore '2=—D.R 5 g
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3. In order to give a numerical value to the error of result, suppose that — D =2
. . ) R .
nearly (a proportion rather higher than MaskeLYNE's); that ?-—-—16000 (which sup-
poses the thickness of the shell, or the depth of the mine, to be a quarter of a mile

. 1 . .
neariy); and that B(%) = 132000 (Which corresponds to an error of 0°1 per day in the
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density would be determined with an error not exceeding j%th part of the whole.
This error, I apprehend, is far less than those to which Cavenpisw’s experiments
were liable (Reicu’s and BaiLy’s experiments had not been made at the date of this
investigation, but I do not except them from the same remark). It is also quite as
small as that to which the mere astronomical determination in the Schehallien
experiment was subject. When other elements of calculation are examined, as the
general simplicity in the form of the ground for the mine-experiment and the com-
plexity for the mountain-experiment, the accurate knowledge of the geology for the
mine-experiment and the obscurity for the mountain-experiment, the difference
becomes still more striking in favour of the mine-experiment as compared with that
on Schehallien. , _

4. In a subsequent section, means will be given for enabling the reader to judge
whether an accuracy like 0°1 vibration per day in the difference of the rates of pen-
dulums above and below, in the mine-experiment, has really been obtained. Methods
will also be indicated for computing the corrections depending on the irregularities
of the earth’s surface. I advert to these at present only to have the opportunity of
explaining that the form of computation exhibited above is not final, but is merely
intended for a preliminary calculation, showing the antecedent plausibility of the

vibrations of a seconds’ pendulum).

experiment.

5. Upon communicating my views to Mr. (now Dr.) WreEwELL (then, like myself,
a resident Fellow of Trinity College, Cambridge), I found him entirely disposed to
join me in undertaking the experiment. My first idea had been, to ascertain the
rate of a clock at the top and the bottom of a mine; and the locality which first
occurred to me was the Ecton Mine in Staffordshire. But it was soon settled, on
discussion with Mr. WrEwELL, that detached pendulums would be preferable to
clock pendulums’; and, the Ecton Mine having proved on examination to be ill
suited to our purpose, the Dolcoath Mine near Camborne in Cornwall was selected
(partly at the suggestion of Jou~n Tavror, Esq.). The Royal Society and the Board
of Longitude most liberally lent to us invariable pendulums, clocks, and other
apparatus, sufficient for the simultaneous observation of a pendulum above and one
below ; and the Board of Admiralty lent us box and pocket chronometers, to be used
puncnpal]y for the comparison of the upper and lower clocks.

. About the end of May 1826 we proceeded to Dolcoath, assisted by the f iendly
introductlons of the late Davies GiLBerT, Esq. and of Dr. Paris; and we received
from the resident authorities of the mine every possible assistance to our experiment;
and from the late Lord De DunsranviiLe, E. W. W. Penparves, Esq., and other
gentlemen of the country the most hospitable attention to our personal comforts.
And, in spite of the labours and misfortunes of the Cornish enterprises, I do not doubt
that they are regarded by my companion (as well as by myself) as among the most
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interesting in our lives. Stations were provided for us at the surface and near the
lowest part of the mine; the latter being at a short distance from the South Shaft or
Harriet Shaft, near the junction of the granite and the killas, in the 180-fathom
level (the depth being measured from the adit for the discharge of the water pumped
from the mine), or nearly 1200 feet below the surface. This place, as is usual in the
Cornish mines, could only be reached by ladders.

7. Our intention was, to compare the vibrations of a detached pendulum in each
station with the vibrations of a clock pendulum, in the manner which has acquired
so much celebrity from the labours of KaTer and SaBinNg, and to compare the two
clocks by means of chronemeters carried on the person of an attendant.  One set of
observations, extending over several hours (including if necessary more than one
series of coincidences), was to be observed each day. When this should be carried
far enough, the pendulums were to be reversed and the observations were to be
repeated, or the two pendulums were to be compared, as might seem best. After
overcoming some difficulties, and with very great personal labour, we found on com-
puting approximately the results that the chronometer-comparisons were not trust-
worthy. We resumed the work, with a modification of the method of using the chro-
nometers which promised to render the results more accurate. We were raising the
lower pendulum up the South Shaft for the purpose of interchanging the two pendu-
lums, when (from causes of which we are yet ignorant) the straw in which the pendu-
lum-box was packed took fire, the lashings were burnt away, and the pendulum with
some other apparatus fell to the bottom. This terminated our operations of 1826.

8. In the summer of 1828 we again attempted the experiment, in the same locali-
ties, and with the same general instrumental means. Our personal powers however
were far greater than in 1826. We had now the assistance of the Rev. R. Suegr-
sHANKs and of two junior observers (my brother Mr., now the Rev. W. Airy, and
the late Rev. S. Jackson). Our plan, principally at the instance of Mr. SHEEPSHANKS,
was so modified as to admit of incessant observations being made, day and night, for
several days consecutively; and this arrangement greatly diminished the injurious
effects of chronometer-errors. A new difficulty now presented itself in the irregular
and varying form of the pendulums’ knife-edges. After tedious experiments on these,
which seemed at last likely to be successful, our labours were suddenly stopped by
the occurrence of a “fall” in the mine. The lodes or metalliferous veins in the
Cornish mines are usually bounded by nearly parallel planes inclined perhaps 30° or
40° to the vertical, and the removal of the vein-stuff (even when, as in this case, the
vacuity has been filled up as much as circumstances permit) endangers. the falling of
the rock which is on the upper side of the lode. On this occasion, the general fall
(in consequence of the precautions above described) did not exceed a few inches;
but large masses of rock were detached from their places, and interrupted the work-
ing of the pumps; and our lower station was soon flooded by the rise of the water.
And thus for the second time our attempts were defeated.

2R2
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9. Many years passed on before sufficient leisure or sufficient motive for again
trying the experiment presented itself to me. The only great improvement in the
application of the pendulum to the measure of gravity was Besser’s discovery,
reduced to a practical form (as regarded the English construction of the pendulum)
by Colonel SaBINE, of the necessity of an increased correction for the pendulum’s
buoyancy in the atmosphere. I had, however, opportunities of observing the dif-
ficulties inherent in the Cavenpisu experiment, from witnessing the repetition of that
experiment by my late friend Mr. F. BarLy. At length, in the year 1854, a new
power was placed in my hands. The galvanic system was established at the Royal
Observatory, and in the familiarity which we now possessed with telegraphic appli-
cations I perceived that the difficulty of comparing the upper and lower clocks would
be almost entirely removed. The coal-mines of the Durham coal-field had been
worked much deeper, and the facility of access to these mines would materially
diminish the labour of the experiment; while the intimate acquaintance with the
geological character of the country possessed by the coal-owners, and the general
regularity of the beds, would give great confidence in the ultimate calculations of the
attraction of the mass of matter principally affecting the experiment. After a lapse
of twenty-six years from the last attempt in Cornwall, 1 therefore seriously took up
the subject again, and proceeded personally to examine the fitness of the coal-mines
of Durbam for the experiment.

10. Assisted by the introductions of Davip Lierch, Esq., M.D., and by the local
knowledge of Jamres MaTHER, Esq., I had little difficulty in fixing on a mine. The
deepest mines in the Durham coal-field are near the coast. The deepest of ull is the
Monk Wearmonth Colliery ; but it is so close to the sea (its workings in fact extending
far under the sea), that it seemed probable that more of disadvantage would be intro-
duced by the complication of the elements of final computations than of advantage
by its extreme depth. 'The next in depth, I believe, is the Harton Pit, at the distance
of somewhat more than two miles from South Shields, and about the samne distance
from the coast. The general circumstances of form of surface, &c. are as favourable
as can usually be found. Its depth is reputed to be 1260 feet. On making known
to WiLLiam ANDERsON, Esq., the principal owner of the coal-mine, my wish to try
the experiment in that place, I was at once assured that every assistance should be
given to me. In company with C. W. ANpErson, Esq. and with G. W. ArkLey, Esq.
(local viewer and superintendent of the mine-works) in 1854, August 5, I examined
the buildings on the surface and the workings underground in the *“ Bensham seam,”
and stations for the pendulums were speedily chosen. The two stations were exactly
in the same vertical. The upper station was a stable near the Mine Office. The
lower station was a wide part of a gallery (now disused), less than 200 yards from
the bottom of the shaft: in going from the bottom of the shaft to the station, one-
half (roughly speaking) of the way passed along one of the tram-ways of the mine,
and the other half was along the disused gallery; and at this distance the sound of
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the coal-trams, &c. on the tram-way was inaudible. The Harton shaft is the down-
cast air-shaft for a very extensive series of workings, of which the upcast shaft is at
the St. Hilda pit in the town of South Shields; and the lower pendulum station, from
its proximity to the Harton pit, was constantly and agreeably ventilated with pure
fresh air. : .

The owners of the mine immediately procceded, at their own expense, to make the
following preparations for the pendulums.

11. In the stable for the upper station, an additional brick wall was built round
three sides of the space (about 16 feet square) intended for the pendulum room, and
an additional substantial ceiling was constructed above it; and an anteroom was
constructed on the fourth side; so that the room was in fact surrounded by double
walls and ceiling. The immediate entrance from the external air was into the ante-
room ; and from the anteroom there were doors into the pendulum room and into a
narrow room at one side. [In this narrow room were afterwards placed the galvanic
batteries and journeyman-clock, and the lamp for illuminating the pendulum disk.
The lamp for illuminating the face of the principal clock was in the anteroom, giving
its light through a hole in the dividing wall; and the observer was stationed in the
anteroom, his observing telescope being fixed in a hole in the wall.] From the
gas-works of the mine, gas was led to a gas-stove in the anteroom, and also to a
writing-lamp. In order to make the support of the pendulum firm, the soft earth
was removed to the depth of 3 feet (at which level the hard clay was reached, which
extends about 90 feet lower to the first bed of rock), and the cavity was filled with
ashlar stones united with mortar at the joints: the surface was paved level with flag-
stones and bricks.

12. In the lower station, some upright shores which had been placed in the space
assigned for the pendulum room were removed, and inclined rafters were substituted.
The rock was cut level, and the bricks and flagstones were laid immediately on it.
Brick walls were built enclosing a trapezoidal room nearly representing a square of
16 feet, with an anteroom, and a third room; and level ceilings were constracted
above them.

13. For the galvanic communication between the two stations, two wires covered
with gutta percha were led underground from the stable to the mouth of the pit; and
were then carried down to the bottom of the pit, being supported in the following
wanner. The shaft is divided from top to bottom by a wooden partition or brattice.
At every 100 feet in the descent, a wooden peg about 6 inches long and 2 inches in
diameter was fixed in the brattice. The galvanic wires were wrapped round this peg,
and were pinched fast by a piece of wood which was screwed to the peg. In this
manner the wires were held perfectly steady, and no part was strained by an ex-
cessive weight hanging upon them. On reaching the bottom of the shaft, the wires
were carried horizontally along the top of the galleries, protected by boards of wood,
till they entered the lower station. The labour of Telegraph Engineers, which was
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required for fixing these wires and for other adjustments of the galvanic apparatus,
was contributed gratuitously by the Electric Telegraph Company; the work being
done under the direction of their resident agent at Newcastle, Mr. MATHEWS.

14. The local arrangements being thus brought to a very satisfactory state, I had
next to provide the proper apparatus. On my request, through Colonel SaBing,
Treasurer of the Royal Society, the Council of the Society immediately placed at my
disposal the instruments which they possessed and which applied to my wants. These
were two invariable pendulums, both by Tnomas JonEes (distinguished by the marks
«1821” and “ No. 8” respectively), which were preserved in the Kew Observatory ;
iron stands for the pendulums, accompanied by wooden stands for the comparison
clocks, preserved in the Magnetic Office at Woolwich; and a clock by SmerTon
(which I had formerly used in Cornwall, and which still bore my paper marks upon
its pendulum). To these I added a clock by Earnsnaw (from the east dome of the
Royal Observatory) ; a journeyman-clock (from the Royal Observatory) to be used
in signal-transmission ; two galvanometers, similar to the ordinary speaking-needle
of the galvanic telegraph ; galvanic batteries; barometers, thermometers, &c. Every
instrument was brought, for trial, to the Royal Observatory.

15. Each iron stand consists of a horizontal triangle of iron bars for base; two
inclined iron bars in a vertical plane for front, their tops being screwed to the sides
of an iron box-frame which supports the agate-frame on which the knife-edge
vibrates ; and one inclined bent iron bar behind, screwed to the back of the same
box-frame. On erecting one of the iron stands at the Royal Observatory, it was
found impossible to pass the upper brass block of the pendulums (to which the steel
knife-edge is screwed) through the holes of the box-frame. It was necessary there-
fore to enlarge the holes by filing; and as this weakened the front of the box-frame,
the following apparatus was introduced in order to strengthen it. A small hexagonal
iron frame was prepared, consisting of a horizontal base nearly equal in length to the
interior measure of the box-frame, two vertical sides nearly half the height of the box-
frame, two inclined sides, and a horizontal top about one-third as long as the bottom.
Screws were tapped through the horizontal base. This apparatus was placed in the
front opening of the box-frame; and, when the screws were driven, the short horizon-
tal top was forced up to the upper bar of the box-frame so as to give it all desirable
firmness. As the weakened stand, furnished with this apparatus, was evidently firmer
than the other stand, a similar apparatus was provided for the other stand.

16. The agate-planes, and the knife-edges (which were much injured by rust), were
reground and polished by Mr. Simms with the utmost care; the knife-edges being
finished to an angle of about 120°.  On mounting them at the Royal Observatory, it
was found that they touched the agate-planes only in a few points ; and the singularity
of the mode of contact reminded me so strongly of the contact in Cornwall in 1828,
that I do not doubt that one pendulum was the same and affected by the same faults.
A few interchanges, &c. of pendulums showed that the fault was not in the agate-
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planes, but ‘in the knife-edges. Mur. Simms on examination found that, when the
attaching screws were relaxed, the bearing on the agate-planes was continuous and
perfect. It was evident therefore that the fault was in the surface of the brass
blocks which carry the knife-edges. . On filing these it was found easy to bend the
knife-edge into any form. A surface was at length given to the brass which made
the bearing of the knife-edges upon the agates absolutely perfect, as far as the eye
could discover.

The upper and lower pendulums, when mounted in their proper stations, vibrated
in parallel planes, as nearly as possible in the direction of magnetic East and West.

The graduated arcs for measuring the extent of vibration were divided to inches,
with continuous numeration from one end; and were placed behind the pendulum
tails.

The thermometers (two for each pendulum) were suspended in front, at about }
and £ the distances from the knife-edge to the bob. Their indications were found to
be all sensibly accordant.

17. In fitting up the comparison-clocks, a small alteration was made which proved
exceedingly convenient. The illuminated disk (to be concealed by the tail of the
invariable pendulum) was an inclined section of a small cylindrical block attached
by a central screw to the bob of the clock pendulum. The inclined surface was
covered with gold-leaf. A hole (covered with glass) was made in each side of the
clock-case, and through either of these the light of the illuminating lamp was thrown
upon the gold-leaf. By shifting the lamp and turning the small cylindrical block, a
brilliant light was reflected to the observing-telescope, the lamp being always in
a distant position and in a lateral direction. Moreover, by slightly turning the clock
stand in azimuth, the apparent breadth of the inclined disk was altered, and it could
thus be adapted to disappearance behind the pendulum-tail.

The adjustible aperture through which the disk was seen, and which was covered
by the pendulum-tail in its quiescent position, was in front of the clock-case.

18. By the side of each clock-face a galvanometer was fixed. The galvanic wires
were led to and from the terminals of the galvanometer, not immediately, but through
the intermediation of a circuit-breaker; so that the observer could at any time inter-
rupt the current. '

19. The journeyman-clock was thus fitted up. Two wires were led into it (one
from the galvanic battery, and the other in continuation of the course of the same
wire from the journeyman to the next comparison-clock), terminating within the
journeyman in a pair of springs which performed the duty of circuit-breaker. Upon
the minute-wheel of the journeyman were four pins, which, as the wheel revolved,
pressed the two springs together, thus completing the circuit (in that part) at every
15% of the journeyman’s time.

20. The battery was the ordinary sand-battery, of 24 cells. The batteries and
journeyman were in the side-room of the upper station.
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The wire from one end of the battery was led to one terminal of the journeyman.
From the other terminal of the journeyman a wire was led to the circuit-breaker in
connexion with the galvanometer of the upper clock. From the other terminal of
the galvanometer a wire was led down the mine-shaft to the circuit-breaker in con-
nexion with the galvanometer of the lower clock. From the other terminal of this
lower galvanometer a wire was led up the mine-shaft to the other pole of the battery.
Thus when both the upper and the lower circuit-breakers completed contact (and at
no other time), the journeyman-clock made the circuit complete and sent a current
through both the galvanometers at every 15° of the journeyman’s time. :

20*, Plate XI. contains views of the pendulum-apparatus nearly in the state in
which it was used in the upper station. The principal diagram is a front view of
the apparatus as mounted at Greenwich, taken with the camera lucida, and may be
trusted for general accuracy. The iron bars of the pendulum-stand are about 1} inch
square. The stand of the clock does not touch the pendulum-stand in any part. The
hexagonal frame introduced into the box-frame is conspicuous in this view. The
battery is not the same which was used at the mine. The mounting at the lower
station was exactly similar, wanting only the journeyman-clock and the battery.
The frame with agate-planes (represented on a larger scale), which is planted on the
top of the box-frame, is supported on three screw-feet: the screw-stalks are per-
forated ; two are cut with an internal screw-thread, and long screws are passed
upwards through smooth holes in the box-frame, and act in these internal screw-
threads and draw them firmly down: the perforation in the third is smooth, and the
long screw which passes down through it acts in a screw-thread cut in the box-frame.
At the sides of the blocks which carry the agate-planes are notched brass plates turn-
ing upon pins, connected by a stouter piece of brass beyond the pins, through which
a screw passes that acts in the solid block below ; by driving this screw the notches
are raised, and engage with the ends of the pendulum-knife-edge, and lift it off the
agates.

21. The system of observations which I proposed was the following. One of the
invariable pendulums was to be mounted at the upper station and the other at the
lower station, and the two pendulums were to be observed simultaneously by two ob-
servers. The “Swings” or series of vibrations were to follow each other incessantly,
day and night, with no more interruption than would be required for observing the
galvanic signals, reading thermometers, and making petty adjustments. Six Swings
(each occupying in the gross four hours) were to be taken in each day. At con-
certed minutes of time before the first and after the last Swing, and between the end
of.each preceding Swing and the beginning of that which followed, galvanic signals
were to be observed. Several “Coincidences” of the vibrations of the detached
pendulum with the clock pendulum were to be observed in KaTER's manner at the
* beginning and end of each Swing. This system was to be maintained during the
whole efficient time of one week : then the pendulums with their agate-planes and
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thermometers, but with no other apparatus, were to be interchanged, and a week’s
observations were to be made 'in this state. 'The pendulums were to be interchanged
a second time and a third time, so that, in the whole, four series of observations
would be taken: but I thought it probable that less than a weeck would suffice for
each of these latter series.

22. On considering the amount of labour qullll(,d for carrying out this plan, and
considering also that it was not in my power to take an active part, I judged that six
observers would be necessary. With the sanction of the Lords Commissioners of the
Admiralty, I appointed Mr. Epwin Dunkin and Mr. WiLLiam Eruis, Assistants of
the Royal Observatory, as two of the observers. With the permission of M. J. Joun-
soN, KEsq., I was enablied to solicit and to obtain the services of Mr. Norman Pocson,
Assistant of the Oxford Observatory ; Professor CuaLris consented to my asking the
aid of Mr. G. S. Criswick, Assistant of the Cambridge Observatory; by permission
of Professor CuevaLLiEr, Mr. GEoreE RUMKER, Astronomer of the Durham Obh-
servatory, joined the party ; and finally I was enabled, by the kindness of R. C. Car-
RINGTON, Esq., to avail myself of the services of Mr. G. Il. Simmonps, Assistant of
the Red Hill Observatory. Mr. DunkIN superintended the party, and, during the
observations, controlled the local operations of every kind. Under the admirable
management of Mr. Dunkin, and the zealous and orderly assistance of all the gentlemen
whom I have named, the work went on with the most perfect regularity. T cannot
express how much I am indebted to the hearty cooperation of every individual
Assistant during the whole course of the operations from the beginning to the end.

Lodgings were provided for the party in the town of South Shields. Their com-
fort, during their singular occupation, as well as my own on the occasions of my
visits, were greatly increased by the uniform kindness of the authorities of the mine,
and by the hospitable attentions of RoBerT INcHAM, Esq., ML.P., Joun Rosinson, Esq.,
Mayor of South Shields, James MarHeR, Esq., J. C. StaveNnson, Esq., of the Jarrow
Chemical Works, and other gentlemen resident in the town or neighbourhood.
Attendants in the mine were selected and placed under the command of the observers
by the owners of the mine. :

23. I may now give a brief journal of the operations.

1854. August 5.—I examined the mine, and stations were selected.

Instruments were procured, repaired, and sent to the Harton
Mine; and observers were collected.

September 26.—I went to South Shields.

September 27.—1I erected the clocks and pendulum at the upper station.

September 28.—I erected the clocks and pendulum at the lower station. In
the evening, four of the observers arrived.

September 29.—In the morning, the remaining observers arvived. All were
employed in adjusting the pendulums, &c. and in the
practice of observations, '

MDCCCLVI, 2s
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1854. September 30.—I returned to Greenwich, leaving all in the charge of

Mr. DuNkIn.

October 2.—Observations commenced in the morning with Swing 1. Pen-
dulum 1821 above, No. 8 below. Observers for the day,
Mr. DunkiN (above), Mr. Evruis (below), from the begin-
ning of Swing 1 to the beginning of Swing 3.

Observers for the night, Mr. Poason and Mr. RUMKER,
from the end of Swing 3 to the beginning of Swing 6.

October 3.—Observers for the day, Mr. Criswick and Mr. SimmonDs, from
the end of Swing 6 to the beginning of Swing 9: for the
night, Mr. Erris and Mr. Poaeson, from the end of Swing 9
to the beginning of Swing 12.

October 4.—Observers for the day, Mr. Romger and Mr. Criswick, from
the end of Swing 12 to the beginning of Swing 15: for
the night, Mr. ELLis and Mr. Simmonps, from the end of
Swing 15 to the beginning of Swing 18.

October 5.—Observers for the day, Mr. Criswick and Mr. Pocson, from the
end of Swing 18 to the beginning of Swing 21: for the
night, Mr. Simmonps and Mr. RumkEeRr, from the end of
Swing 21 to the beginning of Swing 24. ‘

October 6.—QObservers for the day, Mr. Dunkin and Mr. ELuis, from the
end of Swing 24 to the end of Swing 26. The First
Series was closed at the end of Swing 26.

October 7.—Mr. Dunkin, with the assistance of Mr. Eruis and Mr. Pogson,
interchanged the pendulums.

October 9.—The Second Series commenced with Swing 27. Pendulum
No. 8 above, 1821 below. "

Observers for the day, Mr. Stmmonps and Mr. Cris-
wick, from the beginning of Swing 27 to the beginning
of Swing 29: for the night, Mr. ErLis and Mr. Dunkin,
from the end of Swing 29 to the beginning of Swing 32.

October 10.—Observers for the day, Mr. Romxer and Mr. Poeson, from the
end of Swing 32 to the beginning of Swing 35 : for the
night, Mr. Criswick and Mr. StmmonDs, from the end of
Swing 35 to the beginning of Swing 38.

October 11.—Observers for the day, Mr. Dunkin and Mr. Erwis, from the
end of Swing 38 to the beginning of Swing 41: for the
night, Mr. Romxer and Mr. Poeson, from the end of
Swing 41 to the beginning of Swing 44.

October 12.—Observers for the day, Mr. Simmonps and Mr. Criswick, from
the end of Swing 44 to the beginning of Swing 47 : for
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the night, Mr. Dunkin and Mr. ELuis, from the end of
Swing 47 to the beginning of Swing 50.

1854. October 13.—Observers for the day, Mr. Pocson and Mr. RUMKER, from the
end of Swing 50 to the end of Swing 52. The Second
Series was closed at the end of Swing 52.

October 14.—Mr. Dunkin, with the assistance of Mr. Eruts and Mr. Pocson,
interchanged the pendulums.

October 16.—The Third Series commenced with Swing 53. Pendulum 1821
above, No. 8 below. Observers for the day, Mr. Criswick
and Mr. StMmonDs, from the beginning of Swing 53 to the
beginning of Swing 55: for the night, Mr. Rumker and
Mr. Poeson, from the end of Swing 55 to the beginning
of Swing 58.

October 17.—Observers for the day, Mr. Eruis and Mr. DunkiN, from the
end of Swing 58 to the beginning of Swing 61 : for the
night, Mr. Stmmonps and Mr. Criswick, from the end of
Swing 61 to the beginning of Swing 64.

October 18.—Observers for the day, Mr. Poasox and Mr. RUMKER, from the
end of Swing 64 to the beginning of Swing 67 ; of which
the end was observed by Mr. DunkiN and Mr. Ervis.
The Third Series was closed at the end of Swing 67.
Mr. Dunkin and Mr. Evrus interchanged the pendulums
at night.

October 19.—The Fourth Series commenced with Swing 68, begun by
Mr. DunkiN and Mr. Ecnis.  Pendulum No. 8 above,
1821 below. Observers for the day, Mr. Criswick and
Mr. StmmoNDs, from the end of Swing 68 to the beginning
of Swing 71: for the night, Mr. Rumger and Mr. Pocson,
from the end of Swing 71 to the beginning of Swing 74.

October 20.—Observers for the day, Mr. Dunkin and Mr. ELuss, from the
end of Swing 74 to the beginning of Swing 77: for the
night, Mr. Simmonps and Mr. Criswick, from the end of
Swing 77 to the beginning of Swing 80.

October 21.—Observers for the day, Mr. Pogson and Mr. RUMKER, from the
end of Swing 80 to the beginning of Swing 82: the end of
Swing 82 was observed by Mr. Dunkin and Mr. Pocson.
The Fourth Series and the whole operation closed with
Swing 82.

October 22.—1I arrived from Greenwich.

October 23.—I inspected the instruments in position, and dismounted them.

October 24.—The instruments were mounted in the Central Hall of South
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Shields, and I explained the nature of the observations
to an assembly of the residents of South Shields and its
neighbourhood.

1854. October 25.—The instruments were finally dismounted, and packed up for
return to Greenwich; and the party dispersed.

24. In terminating this general history of the operation, it is proper perhaps that
I should briefly allude to the sources from which the expenses were defrayed.

The Royal Society, in granting the loan of their pendulums and clock, not only
enabled me to undertake the operation with promptitude and with the security of
using trustworthy instruments, but also removed one of the most serious causes of
expense. I have already alluded to the extensive works constructed by the owners
of the Harton Colliery, and which they made entirely at their own expense; and to
the liberality of the Electric Telegraph Company, who gratuitously gave me their
important assistance in the galvanic connexions. In transmitting the instruments
from the wharfs at Newcastle to South Shields, Messrs. Srevenson and Co., of the
Jarrow Chemical Works, gave the use of their river-craft. The Mayor and Corpo-
ration of South Shields, unsolicited, caused the surveys to be made which were
needed for computation of the attraction of the ground. Some parts of the appa-
ratus (galvanometers, wires, stoves, &c.) were so evidently applicable to the pro-
spective wants of the Royal Observatory, that they were not considered as a charge
on the Experiment. The Lords Commissioners of the Admiralty, on my laying before
them my proposals, contributed £100, which defrayed the greater part of the miscel-
laneous expenses. The residual charges were borne by myself.

SecrioN II.—Comparisons of the Upper and Lower Clocks.

25. In the ordinary state, the galvanic circuit was interrupted at both circuit-
breakers. At the pre-arranged minute for commencing signals, as nearly as possible,
each of the observers completed the connexion, and then gave his attention to the
galvanometer. The movement of the needle, at intervals of 15 nearly, assured each

~observer that the other was prepared to observe; and every observation of the clock-
time of the movement of the needle was then efficient for comparison of the two
clocks. Only, it was necessary to know precisely, when the time of examining the
written record of the time-signals should arrive, which were the corresponding obser-
vations of the same galvanic current. For this purpose, the following instructions
were given.  After observing the clock-timnes of a few signals, the upper observer
interrupted the circuit during one signal only, and then restored the connexion. The
lower observer, after waiting one or two minutes, did the same thing. After another
“short delay, the upper observer interrupted the circuit during two signals. The lower
observer, after a short delay, did the same. Then the observations were continued
till the upper observer was satisfied with the number, after which he definitively
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broke the circuit; the lower observer then broke circuit; and both prepared to
observe Coincidences of the pendulums. On examining the interruptions of signals,
no difficulty was found in confronting the corresponding observations. In one
instance only (between Swings 16 and 17) was the comparison totally lost, in conse-
quence of one of the needles sticking fast. The observation of the time of the start
of the.needle is not very delicate; and this part of the operation would be made
much more exact, by causing each clock to register its own seconds upon a common
revolving barrel, in the manner of the American transits.

26. The observations on each side which had no corresponding observations on the
other side being struck out, the means of all the times of the remaining observations
in each group were taken, and the difference of means was formed. As a check, the
differences of the times by the two clocks for each individual signal were formed, and
the mean of the differences was taken. In this manner there were formed, for every
group, mean corresponding times of SHELTON (the upper clock) and EArNsHAW (the
lower clock) ; the differences of these, from group to group, gave the corresponding
changes of clock-indications by the two clocks during the same period of absolute

Earnsmaw’s change of indication
SueLTON’s change of indication

time; and the quotient gave the apparent ratio of

rates. The logarithm of this ratio was formed, by means of CaLrET’s logarithms, to
eight decimals.

27. A very cursory examination of these ratios showed that there was a consider-
able personal equation in the observation of the galvanometer-signals. Though (from
the nature of the combination to be hereafter described) this scarcely produces an
appreciable effect on the ultimate result, I thought it desirable to ascertain approxi-
mately its magnitude, and to apply the.corresponding correction. I proceeded as
follows :—In every instance in which the signal-observations at the beginning and at
the end of a Swing were made by different observers, I compared the logarithms of

apparent rates of Eé\%\fffbé: during’that swing with the logarithms for the preceding

and following swings (in three instances, however, with only the preceding swing) ;
and formed the excess of the logarithm of the intermediate swing above the mean of
the preceding and following logarithins. This numerical excess may be compared
with a symbolical formula, in which the symbols represent, not the actual error in
time committed by each observer, but the logarithm (in 8-figure units) of the influ-
ence of his error on rates deduced from comparisons at 4-hour intervals. Twenty-
seven equations were thus formed. By the method of minimum squares, these were
reduced to six, of which (from the nature of the case) one was unnecessary, their sum
being identically equal to zero.. Assuming D (Mr. Dunkin's error) =0, the others
are found by solution of the equations. Though the equations are not very favour-
able, they suffice for giving very good corrections, and they show in particular that
Mr. Simmonps recorded his times too early by nearly half a second. The following
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Table exhibits this work ;
which is to follow :—
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the fundamental numbers being obtained from a table

18.C— 2.D+4 2.E4+ P— 4.R-—15

— 2.C+15.D—14.E— 5.P+
+ 2.C—14.D+18.E+ 2.P—

C— 5.D+ 2.E4+22.P—16.R— 4.S=414048
— 4.C4 5.D— 6.E—16.P+19.R+ 2.S=— 7873

-15.C4+ D— 2.E— 4.P4+ 2.R4+18.S=-—16851.

S=+410557
5.R+ S=-4 577
6. R— 2.S=— 458

Order of | Symbol for the Errors Order of | Symbol f91‘ the Errors
) Observers. | 0f Logarithmic Rate Errors Observers, | ©f Logarithmic Rate Errors
No. of Earnsmaw inferred from || No. of EArNsHAW inferred from
Swin . . SHELTON the computed || g< . SHELTON the computed
g g g produced by each | Logarithmic S B produced by each | Logarithmic
8 |5 | observer’s error in the Rates. 2 -2 | observer’s error in the Rates.
<t = estimation of time. -« /M estimation of time.
5. |5 |5 | D+R—P—E | —2r | 4. |$ 18 sip_p_c | — 96
6. E ]§ P+S—C—-R | — 45 50. g E D+R—P—E | + 135
0. |$ 18| cop—p—s | +13¢ | s C 3| cHP—Rr—s | +2850
12. |5 &| E+c—r—p | —1057 | s |R|/P ) pip_p_p | - sm
15. % g R+S—-E—-C | + 512 | 6l g‘ IC) E+C—S—D | — 254
8. [ B8 myp_c—s | +ee57 | 64. | S | C| s4R—P_C | —16m
C | P P | R
el | § | R | c+rR—s—P | +n25 | 6. |D | R pig DR | + 43
24. ]S) % S+L—D—R | + 177 || 6s. ]8 g D+S—C—E | —1079
29. |5 | S| s4D—E—C | — 938 | 71 15| C+P—Rr—s | +1156
E | D ' R | P
2.1k 1pP E+P—R-D + 360 74. D | E R+E—-D-P —1135
R|P - D|E
35. C S R+S—-C-—-P —1581 77. S C D4+C—-S—E +1083
38. |C 1S | c+E—D=8 | + 747 || s0. | S| C| s+rR—P—C | —1706
1D E "I'P | R
D|E PR
41. R|P D+P—R—-E 4+ 956 82. DIP 2P—-D—R — 465
R | P -
44, S C R+C—-S—-P 4 531
Equations.
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Approximate Solution, assuming D==0

C=— 720
D= 0
E=— 240
P=44 180
R=— 330
y = —1500

These are applied, with signs changed, to correct the computed Logarithmic Rates
in the Swings which are included in the last Table: and thus are formed the ¢ Cor-
rected Logarithmic Rates” in the Table which follows next.

28. It is impossible to give here in detail the whole of the observations of Galvanic
The whole number of efficient signals observed at each station was 2454
It will be sufficient to give here the mean of

- Signals.
(or 4908 observations of signals in all).

each group (which, from the check described above, is extremely certain), and the

calculations founded on those means.

It will be remarked that the pendulums of the clocks were altered at the times of
interchanging the detached pendulams; that is, between Swings 26 and 27, between
52 and 53, and between 67 and 68,

Approximate | © . . Corrected
G g) pp’[‘ime g% Mean of Times Mean of Times Interval Interval EARNSHAW Log‘anthm of Logarithm of |
> & . s Rate —> . LARNSHAW M !
2 g (Astrono.mxcal E'ED by SHELTON. by EARNSHAWT by SHELTON. by EARNsHAW. SHELTON Rm"g;lm" Rate Q{gﬁg}i"}

Reckoning). |5« SHELTON |

!
Oct. h h m s h m s h om s h m s
Ll g B e | %] o3 A8 T0hl et 0 23100| 4 0 38722| 10010831 | 0:00047012 |
Qeeefees 2' 7121 11 18 21-257| 5 22 44-886" ---3 58 21652 | 3 58 37400 1-0011011 0-00047793
3eeefees 2’ 11 | 29 16 3 49-086|10 8 31307 <-4 45 27829 | 4 45 46°421| 1-0010855 0-00047117 | 0:00047387
I SXN 2' 16 | 17 120 20 55618|14 25 54541 «+4 17 6°532| 4 17 23°234| 1-0010827 0:00046995
Seeelees 2' 19 | 25 23 34 1'7°516 17 39 29'335””"3 13 21898 | 3 13 34-795| 1°0011116 0-00048249
Goeeleen 2’ 23 | 31 é 24 001921 29 26'990“”“3 49 42:503| 3 49 57-654 | 1:0010994 0-00047720 | 000047990
Tooeloes 3' 3021|719 2090| 1 24 440423----“3 55 2071 | 3 55 17-433| 1-0010893 0:00047282
8eeefeee 3' 7125 (11 21 43600| 5 27 41'868“”"4 2 41°510 | 4 2 57-445| 1:0010944 0-00047503
9eeefeen 3’ 11 | 22 15 52 49°356| 9 59 5459 «+4 31 5786| 4 31 23591 | 10010947 000047516 | 0-00046316
10:-]--- 3° 15 | 24 19 20 39:133|13 27 8'783“””3 27 49°747| 3 28 3:324| 1-0010888 000047260
11eeefeee 3° 19 | 24 |23 20 26-425|17 27 11971 -3 59 47-292| 4 0 3°188| 10011049 0:00047959
) 7200 3' 23 | 17 | 8 23 56-841|21 30 58'000”“”4 3 304161 4 3 46-029| 1-0010686 0:00046384 | 000047194
13-4 T3 | o4 | 7 22 17-846| 1 29 33058 |13 58 210051 3 58 37:058 | 10011225 1 0-00048723
14-eefeee 4° 8|16 12 37 16-581| 6 44 5;1.325--- «+5 14 58735| 5 15 19:267 | 1-0010865 0:00047160 i
}g "4, 1113 15 17 40-815| 9 25 29-184"" 2 40 24:234| 2 40 34:859| 1:0011040 0:00047920 | 0-00048790
17... EETTRTRR P T T T EE TR TR PR R TR RP PPN N 8 46 49.620 8 47 24-325| 1:0010979 0:00047655
. [ .

18+ i' ﬁg Z} g 33 gggi? ;13 Z 53,333 .3 34 0822 | 3 34 15481 1-0011416 | 0-00049550 | 0-00047390
19:+le 57 "ol 91 | 7 22 43-210] 1 31 35486 7| "3 44 11053 3 44 26-496 ) 1:0010812 | 0-00046930
200e]see 5' 7| 24 (11 20 58:654| 5 30 6754 -3 58 15°444| 3 58 31°268| 1+0011071] 0-00048054
QLeeefens 5' 11|29 15 24 25-414| 9 33 49910 «+4 3 26-760| 4 3 43-156| 10011225 0:00048723 | 0:00048453
27280 B 5' 15| 30 [19 21 500313 30 44920 " -3 56 39-589| 3 56 55010| 1:0010861 0°00047142
23" A 5. . 19 ]9 23 19 37.063 17 29 30).4%9“‘ "'3 58 32'060 3 58 47'569 1'0010836 0‘00047034‘ i
Q4eee]ee 5' 23 | 22 | 3 20 35-327 |21 30 46_555------4 0 58264 4 1 14-066| 1:0010930 000047442 | 000048852
25000]eee 6: 3 24 7 20 24754 1 30 51725 «+3 59 49442714 0 5170 1:0010942 0'00047495{
20+ foes 6. 7 1 24 |11 20 39762 | 5 31 22.579------4 0 15008 4 0 30-854| 1-0010993 0:000477106 {‘
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TaBLE (continued).

o1, 7

. g . ) Corrected
B w APP’}‘?E? e ETE Mean of Times | Mean of Times Interval Interval RateEARNSHAW. Lo%azgz?]{iiv Logarithm of
S |(Astronomical | £.50| by SHELTON. by EARNSHAW. by Suerron. | by EArNsmaw. SHELTON |Rate S——w“ ~RateEARNS“AW.
@ | Reckoning). |z % HELTON SupLTON
Oct. h h m s h m s B om s B om s

ool B B A B ] S Cagga| -3 51 17182 | 3 51 37:539| 10014670 | 0:00063664

28+ |3 58 30751 | 3 58 51-994| 1-0014844 | 0-00064419

99l 9 7 28|11 3.59:086| 5 28 0068 | 4 "6 y4677| 4 6 36178| 1-0014553 | 0-00063157 | 0-00063697
300 9 11| 24 15 10 137631 9 34 36:246 | 4 o 41.885| 4 1 3-098| 10014650 | 0-00063751

31wl 90 15125119 10 55648113 35 39344 | 5 50 14.148] 3 52 34667 10014726 | 0-00063907

3geefoen 9 19127 123 3 9796117 28 14011 | 4 15 95009 | 4 18 47-830 | 140014744 | 0-00063985 | 000063715
33..o|-oe 9 23| 24 B 21 31820 21 AT 190,03 59 34514 3 59 55495 | 10014596 | 0-00063344

34.0.. 1003 92 17 21 9:332 ; go fg.?’g?'“ -3 43 1'815| 3 43 21°572| 1-0014765 | 0-00064076

350 --ig° 1Z gg o 31}1-;26 o 50 13.51’%-.“--4 1 33-412| 4 1 54:153| 1-0014311 | 0-00062107 | 000063397
3610 15| o S 3 Sannn |13 af legag |8 58 8771|358 50655 | 110014586 | 0:00063300

37eerfenn i ¢ “ vee|++83 59 55890 | 4 0 16°912| 10014603 | 0:00063374

3810 197 89128 41922717 31 29087 | 4 15 19657 | 4 15 42:268| 1-0014760 | 0-00064054 | 000063514
3. 100 23| 38 ) 319 58684 21 i I5aoge|+3 44 44120 3 45 3768| 10014572 | 0-00063240

40 T 5 3 sggGy |3 59 52573| 4 0 13:388| 110014427 | 000062610

alofee 1 T ED L A AROTT] 0 3% Aagny |4 17 53:278| 4 18 16:016| 1:0014696 | 000063777 | 0-00063027
4210 1ol e B TEIT 13 37 soggy |3 46 55016 3 47 14790| 1:0014524 | 0-00063031

43011 o3 55 13-879| 3 55 34°324| 1-0014486 | 0:00062866

g 110 19 22 @3 4 17-750 1?23 ?g:;gé.-----tl 15 16791 | 4 15 39072 | 1:0014547 | 0-00063131 | 0°00062861
45 .. i; 23 ;g g’ 12 gi;?f; 21 32 sovg1y |3 45 19636 | 3 45 39:054| 110014363 | 0-00062333

46|y 2 ket 54 To-gra| -3 58 57703 | 3 59 18:356| 1:0014405 | 0:00062515

a7l B (TS0 B OVER0) O 0L Adosy 4 10 12:288| 4 10 33581 | 10014184 | 0:00061556 | 000062576
48] 12 ] 254 1.3 53 8084| 3 53 28:225| 1:0014399 | 000062489

49|12 151 29 |19 7 1225213 30 AP AT 1.5 57 45889 | 3 58 6:269| 10014286 | 0-00061999

50|12 19] 27 23 4 58~}41 122 111%:7‘11?.,....4 22 20-477| 4 22 42:963| 10014286 | 0:00061999 | 000062269
51 }g Qg ZZ ?QZ lgféég 21 32 4%28... .3 36 44:350 | 3 37 2817| 1-0014201 | 0-06061630

521y oy 29 111 2 53-297| 5 35 151897 .3 58 50329 | 3 59 10:661| 1:0014188 | 000061574

530|100 231104 1 2 51 48661122 3 1492 | 3 39 40.619| 3 32 54-360| 1:0009200 | 0-00039937

540 100 8125 | 624 31-2801 1 85 55852 | 4 "o mug)| 4 0 16:936| 1-0009134 | 0:00039650

550 16 71 26 10 24 35061 ) 5 36 12788 |\ 4 o 145461 4 2 98746| 1:0009770 | 0-00042410 | 0-00041120
561,16 111 20 14 26 49:607) 9 38 41'53‘%*......4 17 55°132| 4 18 9202 | 1:0009092 | 0:60039469

57w 160 151 28 18 44 44739113 56 20?6"' .3 38 20-077| 3 38 32:960 | 10009148 | 0-00039712

58100 19125 22 23 571617 85 23696 14 "9 To570] 4 2 15792| 10009034 | 000039216 | 0:00039486
59100 28125 ) 200 838521 7 B9488. |5 58 57500 | B 59 10638 10009095 | 0:00039482

60w 17 31 28] 624 5987) 1305 3sg 4 05511314 1 82291 1:0609074 | 0:00039390

61w 170 7| 29 1025 11001 5 37 58355 | 4 1 4g.703] 4 2 1-816| 1:0009039 | 0:00039238 | 0-00038698
G2.of. 170 111 31 14 26 49:803) 9 40 0171 [ 5 59 51305 3 50 44:233| 10009121 | 0-00039594

63owe| 17 13129 18 26 20:928| 18 39 AL g 0 54254 4 1 7117] 10008899 | 0-00038631

Gaoeelo 170 19734 22 27 15182 1740 51- leeled 17 49235 4 18 2:410| 1-0008518 | 000036977 | 000038267
6w )T 231 20 | B A5 AAITI RN B8 STO0 3 42 13:263| 3 42 25:106| 10008884 | 0:00038565

66“""12' ? 22 . ;g ‘gzgi‘; ; 10 28.“;--- .3 58 48-764| 3 59 1-081| 1-0008597 | 060037320

CERI RN ° B seejoee F' . O * & .‘ 5 M ¢ .
7 I 1490 14087 | 0 13 40451 43 7643| 4 3 20333| 10005699 | 0-00037763 | 0:00037493
i

68 ig ;g gg 9; ;g 3;)(33:55 g gz ggg’g .4 1 58198| 4 2 16-440| 1-0012565 | 0-00054535 | 0:00055075
69| 18- 2328 |1 AR o SR b4 0 38:893| 4 0 57°303| 110012814 | 0-00055614

T0| o D T L Alaga |4 0 17451| 4 0 35535 10012544 | 0:00054444

71- ig IZ o g Zf 27_323 o 41 1lge|d 4208381 4 4 39775) 1:0012903 | 0-00056001 | 000054711
72100 15| 00 15 86 bedd| 13 55 46pye |3 54 17:299| 3 54 35:192] 1:0012729 | 000055246

T |15 57 aeby4 13183114 150051 10012573 | 0:00054570

T4 090 o5 Loy 21 I seane o1 4o argiy|4 11 36610) 4 11 55:090 | 10012241 | 0-00053129 | 000053879
Zoo A0 B3| 270140 B2ORD 121 40 810NN 48 54229 | 3 49 11503| 10012432 | 0:00053058

760+, 20- o TRl 5 58 shags |3 57 35469 | 3 57 53145 | 10012402 | 0:00053828

TTe T a4 15 21064 | 4 15 40'318| 10012567 | 0-00054543 | 000053523
780n]-nn 20 }{ 30 13 51 13:74(75 ]g g~ §44§83 47 1059 | 3 47 17-720| 1:0012232 | 0-00053091

79-e- "33’ o 2& g g? 1;327 W 33 405773 98 4858113 50 61177 | 10012281 | 0-00053302

B0 oy 4 saons |4 5 56270) 4 6 13720| 10011826 | 0:00051330 | 000052620
8L L 2] 37 Saaay|3 52 81475 3 52 48+435 | 1-0012158 | 0:00052770

620 56 0 4 A0a1| b 49 16-4ea| w4 11 15522 | 4 11 33600 10012051 | 0-00032305 | 000051615
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SectioN 1I1.— General System of observing the Pendulums and of reducing the
Observations.

29. Before describing the observations, &c., I will remark that the pendulums
above and below were mounted in exactly the same manner. Each angle of the
iron stand, in each station, rested on a single brick ; and great care was taken by
Mr. Dunkin that the bearing of these bricks should be perfectly solid. It was also
a subject of Mr. DunkiN's special attention to make the supplementary hexagonal
iron frame (which I have described in article 15) quite firm; and, above all, to fix
firmly at the beginning of each series and to examine carefully at the end of each
series the frame carrying the agate-planes. In every instance these were found per-
fectly firm in their attachment. At every interchange of pendulums, Mr. DunkIN
carefully oiled and wiped the knife-edges and their agate-planes. At the beginning
of every swing, the observer raised the knife-edge from contact with the agate-plane,
by the screw-lifting apparatus, and then lowered it gently to a definite line of bearing.

30. The pendulum being observed in KaTer’s manner, by using the concealinent
of the bright disk on the clock-pendulum-bob behind the tail of the detached pen-
dulum, when passing the aperture through which alone the disk can be seen, as indica-
tion of the Coincidence of the two pendulums in the times of passing their respective
quiescent points; and supposing that there are trifling errors in the adjustments
of position ; it is seen in practice, or is shown by a very simple investigation, that the
disk will first disappear in passing from one side (suppose the right side) towards
the centre, then will disappear in passing from the left side (after which, if the errors
of adjustment are in the proper direction, it will be invisible during several vibra-
tions), then it will reappear on the left side, and will finally reappear on the right
side. Either the mean of the times of the first and fourth phenomenon, or the mean
of the second and third, or the mean of all four, may be used as the true time of
Coincidence ; and it was left to the discretion of the observers to adopt which they
preferred. They chose, in every case, to observe the first and fourth only. This
amounts in fact to using only one side of the aperture. ,

It is necessary for the success of this observation that the arc of the detached
pendalum be less than that of the clock pendulum ; in fact it was always much less.
It is indifferent whether the detached pendulum vibrate quicker or slower than the
clock pendulum ; in fact it always vibrated slower.

31. Several Coincidences were always observed at the beginning of a Swing, and
several at the end. These gave the Interval of Coincidences nearly enough to enable
me to fix upon the number of intervening Coincidences. In general, some of the
observed Coincidences were rejected, so that from two to five Coincidences were
retained at the beginning, and a number at the end so corresponding that the differ-
ence of their means would represent an integral number of Intervals (thus there
might be 3 at the beginning and 5 at the end, or 4 at the beginning and 2 at the

MDCCCLVI. 2T
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end). The mean of the first retained and the last retained being taken, the difference
of means divided by the number of Intervals gave a very exact value of Mean
Interval. ] '

In the Interval, the detached pendulum lost two vibrations on the clock pendulum.
If then the times of the first and last mean be taken from the clock-face, and if n be
the number of seconds, referred to the clock, in the Mean Interval, the rate of the
detached pendulum on the clock pendulum will be 71%—2 The following Tables con-
tain all the values of log ”_%2 which are required here. For estimating the effect of
86401
‘ 86400’ or
a rate of one second daily, is 500 in the last figures of 8-figure logarithms, nearly.

any error in the Interval, it should be remembered that the logarithm of of

n—2 n—2 n—2 n—2 n—2
7. Log - e Log - . Log — . Log — N Log -
293-0 | 9:99702537 || 300-0 | 9:99709501 || 376°0 | 9:99768376 || 3920 |9:99777854 | 4050 [9°99785003
1 2639 1 9598 °1 8438 1 7911 °1 5056
C 2 2740 2 9695 2 8499 2 7967 2 5109
3 2842 3 9792 3 8561 -3 8024 3 5162
4 2943 4 9889 4 8622 4 8080 4 5215
5 3045 *59°99709986 5 8684 5 8137 5 5268
6 3146 61999710083 6 8746 6 8194 6 5321
7 3248 7 0179 7 8807 7 8251 7 5374
8 3349 8 0276 8 8869 3 8307 8 5428
-9 3451 9 0372 9 8930 9 8364 9 5481
294-0 3552 | 3010 0469 || 3770 8992 || 393-0 8421 || 4060 5534
-1 36:3 c el 0565 -1 8477 °1 5587
2 3754 2 0662 || 389°0 999776137 2 8534 2 5639
3 3856 3 0758 1 6194 3 8590 3 5692
4 3957 -4 0855 2 6252 4 8647 4 5744
5 4058 *5 0951 3 6309 5 8703 ‘5 5797
6 4158 -6 1047 4 6367 6 8759 6 5850
7 4259 7 1143 5 6424 o7 8816 7 5903
8 4359 8 1239 6 6482 8 8872 8 5955
) 4460 9 1335 7 6539 9 8929 9 6008
295°0 4560 || 3020 1431 8 6597 | 394-0 8985 || 407°0 6061
9 6654 1 6114
298+09°99707545 | 374:0|9:99767134 || 390-0 6712 || 403-0 | 9°99783932 2 6166
°1 7643 1 7196 el 6769 ] 3986 *3 6219
-2 7741 2 7258 2 6827 2 4040 4 6271
3 7840 ‘3 7321 3 6884 3 4094 5 6324
4 7938 4 7383 4 6942 4 4148 6 6377
5 8036 5 7445 5 6999 5 4202 7 6429
6 8134 6 7507 6 7056 6 4255 8 6482
7 8232 7 7569 7 7113 7 4308 9 6534
8 8330 8 7632 8 7170 8 4362 | 4080 6587
9 8428 9 7694 9 7227 9 4415 .1 6639
299-0 8526 || 3750 7756 || 391-0 7284 || 404:0 4468 2 6692
1 8624 °1 7818 °1 7341 1 4522 3 6744
) 8722 2 7880 2 7398 2 4575 4 6797
-3 8819 3 7942 3 7456 -3 4629 5 6849
4 8917 4 8004 4 7513 4 4682 6 6901
5 9015 5 8066 5 7570 5 4736 7 6953
6 9112 6 8128 6 7627 6 4789 -8 7006
-7 9209 <7 8190 7 7684 7 4843 9 7058
8 9307 8 8262 8 7740 8 4896 | 409-0 7110
‘9 9404 9 8314 ‘9 7797 9 4950
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TasrLe (continued).

[}
e
13

n—2 ‘ n—2 n—2 n—2 n—2
n. Log = . Log — 7. Log - e ’ Log — 7. Log -
4880 | 999821645 || 489°3 | 9-99822120 || 4906 | 9°99822591 || 4919 | 9:99823062 || 493:2 | 9:99823529
-1 1682 ‘4 2156 7 2628 || 4920 3098 3 3565
2 1718 *5 2193 ‘8 2664 1 3134 4 3601
3 17556 6 2229 9 2701 2 3170 *5 3637
4 1791 7 2265 || 4910 2737 -3 3206 6 3673
°5 1828 8 2302 1 2773 4 3242 7 3708
6 1864 9 2338 2 2809 *5 3278 8 3744
7 1901 || 4900 2374 3 2845 6 3314 9 3779
8 1937 1 2410 *4 2881 7 3350 || 4940 3815
9 1974 2 2446 5 2917 8 3385
4890 2010 3 2483 6 2953 9 3421
1 2047 4 2519 <7 2989 || 4930 3457
2 2083 *5 25565 8 3026 ‘1 3493

32. The number given by this table is the logarithm of the iean Rate of the De-

tached Pendulum upon the Clock Pendulum under the actual circumstances of observa-
tion. It is next required to investigate the correction to this logarithm depending on
the extent of the arc of vibration; one of the conditions of the data of the problem
being, that the arc is observed only at the beginning and the end of the Swing.

In the first place, to compute the correction to the logarithim, supposing the arc of
vibration constant. Let the whole arc of vibration, as seen upon the scale of inches,
be I. For the pendulum 1821, suppose the scale to be placed 1 inch behind the
pendulum ; and for the pendulum 8, 1'8 inch bebhind the pendulum. And suppose
the distance of the object-glass of the observing telescope to be 100 inches. Then

. . . 100 100
the real whole arc of vibration is I X 157 for pendulum 1821 and IX y5775 for pen-

dulum 8. The lengths of the two penduloms, from the knife-edge to the indicating
point of the tail, are respectively 60'7 and 602 inches. Hence the proportion of the

. . . 100
real whole arc of vibration to the length of the pendulum is I x mfor pen-
dulum 1821 and I X T?)T-;_(}?éﬁ-? for pendulum 8; in which expressions the factors of
Call this proportion C. Then the number of vibrations
100

I are sensibly the same.

- C? 1
observed is to be multiplied by 14 gior 142X 64 (10[ x 607

therefore we require the logarithm

exceeding 2'5. The following Table
last figures of 8-figure logarithms.

2
> . In the first instance

1 100 2
of 1+EX g <i6‘fgﬁ—7) for values of I not

L Log. I. Log. I Log. L Log. } L Log.
01 2 06 65 1.1 218 16 462 | 21 796
02 7 07 88 | 1-2 260 | 17 | 522 | 22 874
03 16 0-8 116 || 1-3 305 || 1-8 585 || 23 955
04 29 09 146 || 14 | 353 || 1.9 | 652 | 24 | 1040
05 45 1-0 180 15 405 || 2-0 722 || 25 | 1128

2T 2

contains the numbers required, in units of the
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Next, it is necessary to determine experimentally the law, or rather the numerical
succession of values, in the diminution of the arc of vibration. For this purpose,
observations were made at Greenwich on the extent of the whole arc in successive
half-hours. T'he following Table contains (with sufficient approximation) the range
of arc through each half-hour, the middle arc on which the correction may be sup-
posed to depend, and the logarithmic correction as taken from the last table.

Range of Arc Middle Log. Range of Arc Middle Log. Range of Are Middle Log.
through half-hour.| Arc. |[Correction.||through half-hour.| Arc. |Correction.|through half-hour.| Arc. |[Correction.

2:36—1-97 2:14 831 071—0+59 0°64 81 0-22—0°19 0-20 7
1:97—1+64 1-79 579 0:59—0-49 0-54 52 0:19—0°16 0-17 6
1:64—1-38 1:50 402 0°49—0°41 045 36 0:16—0°13 0-14 4
1-38—1-16 1-26 287 0-41—034 0-37 26 0:13—0°10 0-11 3
1:16—0-98 106 205 0:34—0°29 0-31 18 0°10—0-08 0-09 2
0:98—0-83 0-90 146 0-29—025 0-27 13

0-83—0-71 0-76 103 0-25—0-22 0-23 10

Suppose now that we wished to find the logarithmic correction for a Swing whose
first arc was 197 and whose last arc was 0'98. This Swing extends over four equal
intervals of time, for which the log. corrections are respectively 579, 402, 287, 205.
The log. correction therefore applicable to the whole time will be the mean of these
four corrections, or 368. In a similar manner, we may obtain the correction with
any other beginning and concluding arcs among those in the table above, and thus
the next table is formed.

Logarithmic Correction for the whole Swing.

Commencing Are.

2-35/1°97| 1:64| 1-38| 1-16} 0°98 0+83| 0-71| 0°59| 0-49| 041} 0-34| 0°29| 0-25| 0°22| 019 0-16/ 0-13] 0°10

1-97| 831
1-64|| 705 | 579
1-38| 604 | 491 | 402
1:16| 525 | 423 | 345 | 287
0-98| 461 | 368 | 298 | 246 | 205
0-83( 408 | 324 | 260 | 213 | 176 | 146
0-71|| 365 | 287 | 229|185 | 151 | 125|103
0+59| 329 | 258 | 204 | 164 | 134 [110| 92| 81
049 298 | 232|182 | 146 |117| 96| 78| 67 | 52
0-41] 272 1210(164 130|104 | 84| 63| 56 | 44 | 36
0-34/ 250 192|149 117 | 93| 74| 60| 49 | 38 | 31 | 26
0-29( 231176136106 | 83| 66| 53| 43 | 33 | 27 | 22 | 18
025 2141162124 | 97| 76| 59| 47|38 |29 | 23| 19 | 16 | 13
022199 |151|115| 89| 69| 54| 42| 34| 26|21 | 17|14 |12 |1
0-19] 186 | 140|107 | 82| 63| 49| 38|30 | 23 | 18 | 15 | 12

Concluding Are.
Al

0
10 91 7
0-16/{175/131| 99| 76| 59| 45| 35|28 |21 |17|13|11| 9| 8| 6 | 6
0:131 165 123| 93| 71| 54| 42| 32|/ 25|19 |15 |12|10]| 8| 7| 6 | 5 | 4
0°10 156|116| 87| 66| 51| 38| 30|23 |17 |14 |11 | 9| 7| 6| 5 | 4 | 4 | 8
0-08|| 148 | 110| 82| 62| 48| 36| 28| 22 |16 |13 |10| 8| 6| 5| 4 | 4|3 | 3|2

It was only necessary in fact to use so much of this table as is included between
2:35 and 1'38 for Commencing Arc, and between 0°98 and 0°34 for Concluding Arc.
Between these limits, a skeleton table was prepared for every 001 in each argu-
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ment, and was filled up by interpolation as far as was required, and no further. It is
unnecessary to give it here, as all the essentials are contained in the table which has
just been exhibited. v

The application of this number to the logarithm of the mean Rate of the Detached
Pendulum upon the Clock Pendulum, under the actual circumstances, gave the loga-
rithm of mean Rate of the Detached Pendulum upon the Clock Pendulum, supposing
the arc of vibration of the Detached Pendulum to have been indefinitely small.

The Commencing and Concluding Arcs which were used as Arguments for the
table were those corresponding to the means of the Coincidences retained at the
beginning and at the end of the Swing.

33. The next correction is that depending on the temperature of the Pendulum.
On considering the slight discordance in the coeflicients of expansion found by dif-
ferent experimenters, as well as the difficulty of exactly identifying the quality of the
metal on which they experimented, it appeared to me best to adopt the result of
Colonel SaBiNe (Experiments*, page 202—207), both because the method of experi-
menting was precisely the same as the method of using the pendulum in these opera-
tions, and because there can scarcely be a doubt that the metal was similar, as nearly
as is possible in different bars. A small correction is required to Colonel SABINE’s
results, because at the time of his drawing the conclusion as to the effect of tempera-
ture, the ancient erroneous computation for the effect of buoyancy was still in use.
Adopting his multiplier 1:655 of the correction computed for mere statical buoyancy,
as applicable to pendulums of the same form as those used in these experiments -,
the corrections to the numbers in the “ Experiments” are as follows :—

Page 202, for 625 read 10°34 ; which gives for Pendulum 3, 86166-49.

Page 203, for 62 read 10'26 ; which gives for Pendulum 4, 86174-99.

Page 205, for 565 read 9'35 ; which gives for Pendulum 3,‘86149'61.

Page 206, for 57 read 9°43 ; which gives for Pendulum 4, 86159°35.

Page 207, the results for 1° FaAurenuEIT Will be respectively 0°4318 and 0°4300. The
mean 04309 corresponds to 86166 vibrations in one day.

Hence, to reduce the vibrations observed at the temperature ¢° of FAHRENHEIT to the
vibrations which would have been observed in air of the same density at temperature

86166 + (t—50) x 04309
86166’

or by 14(¢—50) X 0:00000501. I do not at present form the logarithm of this quan-
tity, as there will be another term depending on temperature, introduced by the con-
sideration of the buoyancy-correction, which will be combined with this.

50°, the number of observed vibrations must be multiplied by

* ¢ An Account of Experiments to determine the Figure of the Earth by means of the Pendulum vibrating
seconds in different Latitudes, as well as on various other subjects of Philosophical Inquiry. By Epwarp
SaBINE, &c. London, 1825.”

+ Philosophical Transactions, 1829.
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34. The next correction is that for the density of the atmosphere. If we adopt
Sir GEoRGE SHUCKBURGH’s elements (which are abundantly accurate for this pur-
pose), the barometer-reading being B (expressed in English inches) at the tempera-
ture #° of FAHRENHEIT, its reading at temperature 53° would be

B — eI
2997 (2927 —t—53 % 0°002615)=B(1 —¢—53 X 0:0000896).
The proportion of the weight of air in this state to that of air at barometer-reading

29™-27, thermometer 53° (Sir GEorGE SHUCKBURGH's standard elements), will be

53—¢

B(1—¢—53 x 00000896) , (l+ il ):2;,327(1—?:E§x0'002173)

29-27
B _
=5557(1006519—F—50 X 0°002173).

L

With the elements 29™-27 and 53°, the weight of air is 535

that of water; and, with

. . . | 1
Karger’s specific gravity 8469, the weight of air is gz5 X g755 that of the pendulum ;
the effect of this on the vibrations of the pendulum, adopting Colonel SaBINE’s factor

1'655 of the statical buoyancy, will be to diminish them by the part

B x 1655 —
1672 x 8469 x 29.27X (1:006519—¢—50x 0°002173).

26

In the small term multiplied by ¢{—50, we may consider 27;—;7=%. Then the dimi-

nution of the number of vibrations will be

B x 1655 x 1006519 000226 x 1655

1672 x 8469 X 2927 —t—50-m, or BXx0°000004019—¢—50 % 0:00000026.

In order to correct the number of vibrations observed, so as to produce the number
of vibrations which would take place in vacuum, we wmust multiply the number

observed by 14 B X 0°000004019 — 7—50 X 0°00000026.
35. Combining this factor with the factor depending on the temperature of the
pendulum, or 14-£—50 X 0:00000501, the complete factor is
14-B x 0°000004019-4£—50 X 0:00000475,
or (14B x 0:000004019) X (14-£—50 X 0°00000475).

The logafithms of these factors are B x 0:0000017453 and ¢—50 X 0:000002063. The
following Tables will suffice for the examination of the corrections in the succeeding
Section.
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Thermo- Correction to Thermo- Correction to Correction to
meter. Log. Rate. meter, Log. Rate. Barometer.|  Tog. Rate.
° ° in.
500 000000000 600 0-00002063 29:0 0:00005061
*5 103 5 2166 2 5096
510 207 61-0 2269 4 5131
5 310 5 2372 6 5166
52:0 413 62-0 2475 8 5201
*5 516 5 2578 30-0 5236
‘530 619 63-0 2681 2 5271
5 722 5 2784 4 5306
540 825 640 2887 6 5340
*5 928 *5 2990 -8 5375
550 1032 650 ) 3094 31:0 5410
*5 1135 5 3197 2 5445
560 1238 66-0 3300 -4 5480
5 1341 *5 3403 6 5514
57 0 1444 67'0 3506 8 5549
1547 3609 32:0 5584
58 0 1650 68 0 3712
*5 1753 3815
590 1856 69 0 3918
*5 1960 4022
600 2063 70 0 4125

The “Corrected Log. Rate of Pendulum upon Clock,” or Log. Rate supposing that
the temperature of the Pendulum is 50° and that it vibrates in Vacuum, in an inde-

finitely small arc, is found by adding together the logarithm of ==, the correction

for arc, the correction for thermometer, and the correction for barometer, all taken
from the tables above.

SecrioN 1V.—Abstract of the Pendulum Observations at the Upper Station.

36. The remarks in the preceding Sections explain all the essential points in the
following Table. It is only necessary to add, that the temperature of the Barometer
(which was suspended in the Anteroom, very near to the Stove) was higher than that
of the Pendulum ; and a small correction, never exceeding — 0075, has been apphed
to its reading.
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First Series. Pendulum 1821 above.

Number of e Mean of Corrected
No. of Coincidences. Number of Mean Arc of Vibration. Thermo- Blg%?xe(zgr Log. Rates of
Swing. Intervals. Interval. meter Readings. Pendulum on
Beginning.| End. Beginning.| End. Readings. SuELTON.
s ° in.
1 3 3 22 493-182 191 058 5781 29:930 9:99830603
-2 3 3 21 492341 175 0-60 5878 29-856 466
3 3 3 28 491-923 1-90 0-44 5881 29°729 284
4 3 2 23 491-399 1-85 0:59 5938 29537 209
5 3 2 .17 491-711 179 0-67 5884 295603 211
6 3 3 22 492470 1-88 0-63 5830 29658 409
7 3 3 22 492553 171 0:59 5826 29-763 410
8 3 3 22 492-932 1-64 050 5754 29834 379
9 2 2 27 493:352 1477 0-42 56-88 29896 406
10 3 3 20 493-450 1-83 0-66 5679 29°895 488
11 3 3 24 493167 i-98 055 5764 29-861 556
12 3 2 24 492-719 213 0:60 5700 29-813 295
13 3 3 22 493235 1-92 061 56-98 29-700 421
14 3 3 23 492:391 2:09 0°55 57°44 29:553 201
15 3 3 20 492759 1-88 062 57-89 29°488 394
16 3 3 22 492507 1-99 061 5825 29-395 379
17 3 3 22 492:371 1-88 0°59 5861 29298 363
18 3 3 21 492:126 191 071 58:55 29218 282
19 3 3 20 492625 1-88 065 5878 29°243 495
20 3 3 23 493189 185 058 5810 29272 541
21 3 3 23 493-217 1-87 063 5794 29-318 542
22 4 3 20 493-775 170 057 57:55 29:366 628
23 3 3 21 493722 1-91 058 57°13 29°438 569
24 3 3 24 493882 2:02 0+56 56455 29:537 539
25 3 3 22 493-879 1-95 063 5641 29622 529
26 3 3 24 493-764 2:03 0:56 56-44 29-702 504
Second Series. Pendulum 8 above.
27 4 4 27 3764519 1:96 060 54:18 29699 | 999775000
28 4 4 29 376:082 197 0-66 5571 29725 5069
29 4 4 33 375803 2:03 054 56-13 29:770 4974
30 4 4 28 375647 1-85 062 56458 29820 4965
31 3 3 31 375650 2:00 0-62 5653 29-864 4990
32 4 4 33 375:534 2:03 0:52 5645 29-892 4887
33 3 3 29 375511 1-93 0-61 5805 29-916 5211
34 3 2 31 375191 2:00 063 5926 29:908 5279
35 3 3 32 375°162 1-77 0:51 5984 29°869 5306
36 4 4 28 374°938 1:82 0-61 60-01 29-808 5223
37 4 4 29 375172 2:00 062 5948 29878 5303
38 4 4 33 375-424 1-90 0-64 5795 30-024 5157
39 4 4 29 375397 1-98 0-68 57-68 30-134 5127
40 4 4 31 375665 1-93 0-60 5776 30-235 5299
41 3 2 35 375807 2:03 0:54 57:04 30-358 5262 1
42 3 3 30 376-428 1-:90 051 56-43 30-445 5505
43 4 4 30 376-692 1-81 0-54 5536 30°518 5454
44 4 4 32 376°902 1-95 0°53 5523 | 30-567 5583
45 3 3 27 376729 2:07 0-73 55:30 | 30561 5566
46 4 4 30 376:458 1-98 0-63 5584 30557 5466
47 4 4 34 376-507 1-:99 0-57 5595 30-535 5502
48 4 4 30 376+425 1-84 0:57 56+56 30-493 5545
49 4 4 30 376308 1-96 062 5661 30-430 5504
50 4 4 34 376-158 2:03 0:55 56-78 30+399 5437
51 4 4 28 376-304 1-88 064 56-86 30-368 5533
52 2 3 33 376-126 191 0:52 57-38 30-343 5503
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Third Series.

Pendulum 1821 above.
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Number of . . Mean of Co t
No. of Coincidences. Number of Mean Arc of Vibration. Thermo- Bl\;[;a; e(‘:gr Log.rfleact:sd of
Swing. Intervals. Interval. meter Readings. Pendulum on
Beginning. End. Beginning. End. Readings. SHELTON.
! s o in.
53 3 3 19 489000 1-99 071 5305 29916 9:99828152
54 3 3 23 488+775 2:00 060 5330 29-811 8078
55 3 3 24 488805 1-91 0-53 5359 29721 8100
56 3 3 26 489397 176 0-46 5351 29638 8244
57 3 3 21 489222 191 062 5339 29:556 8204
58 3 3 25 489°480 2:00 0:53 5284 29°542 8175
59 3 3 22 489-311 1-81 060 5275 29:529 8080
60 3 3 23 488848 198 0:59 5318 29499 8020
61 3 3 23 488717 2:05 065 5299 29:454 7954
62 3 3 22 489:038 172 0-60 53-26 29493 8063 |-
63 3 3 22 489303 1-94 059 5310 29°544 8171
64 3 3 27 489-568 2:00 048 52:75 29°599 8186
65 3 3 22 489409 1-97 067 52:73 29-633 " 8172
66 3 3 25 489:553 2:03 0:58 52-59 29-649 8188
67 3 3 25 489+826 1-81 0-54 5185 29-662 8090
Fourth Series. Pendulum 8 above.

68 5 5 29 375879 2:00 0:61 5153 29-662 999774063
69 5 5 29 376117 1-81 058 51:25 29608 | 4102
70 5 5 29 875855 1-80 0-60 5165 29481 4004
71 5 5 29 875517 1-88 063 5211 29:333 3885
72 5 5 28 375°804 1:74 0:57 5328 29°279 4258
73 5 5 29 375700 1-71 0-56 5328 | 29250 4179
74 3 3 34 875480 1-87 0:53 5303 29245 4010
75 5 5 26 375208 175 068 5343 29-250 3938
76 5 5 28 874-893 202 074 5346 29-294 3824
77 4 4 32 374°953 1-91 0-59 53-39 29-381 3802
78 5 5 26 375273 1-90 074 52:95 29447 3956
79 5 5 28 375332 1-98 072 52:65 29:502 3950
80 4 4 33 375:493 191 0:50 52°56 29-561 3976
81 5 5 28 375236 1-92 0-68 5366 29559 4089
82 5 5 30 375213 185 059 54°08 29°538 4122

Secrion V.—dbstract of the Pendulum Observations at the Lower Station.

37. No correction was applied to the immediate readings of the instruments, except
that the Barometer-reading was increased by 0016, which was required to make its

indications correspond to those of the upper Barometer.

MDCCCLVI.
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First Series.

Pendulum 8 below.

Number of i . Mean of | Mean of Corrected
No. of Coincidences. Number of Mean Arc of Vibration. Thermo- | gavometer| L08- Rates of
Swing. Intervals. Intervals. meter Readings. Pendulum on
Beginning. End. Beginning. End. Readings. EarnsHAW.
8 ° ire
1 3 5 31 293:542 2:01 0-73 6355 31356 999711658
2 5 5 34 293600 2:03 0-67 63-71 31:261 718 |
3 4 2 64 293:891 1:97 0:36 6370 31:155 902
4 4 5 24 293-369 1:96 0-97 6361 30-900 475
5 5 4 30 293434 1-78 067 6360 30-897 420
6 4 4 35 293:314 2:00 0+68 63-90 31:079 433
7 4 4 35 293:375 1-55 051 63-92 31:205 409
8 4 4 36 293:125 1-93 0'84 64-16 31-274 361
9 4 3 46 293266 1:92 049 63:94 31-337 374
10 5 3 33 293-276 177 073 63:55 31372 344
11 4 4 40 293+281 1:74 053 63-50 31327 280
12 3 3 39 293-385 1-82 6:58 63-43 31-234 379
13 5 5 36 293261 1-76 0-61 63-44 31:068 222
14 5 5 38 293-253 1-82 0:59 63-33 30-940 176
15 ] 3 39 293275 185 063 6345 30-880 227
16 4 4 37 293216 2:00 0-73 63-44 30807 202
17 4 4 39 293250 1-98 0-69 63:46 30701 209
18 4 4 36 293:337 1-96 072 6339 30:628 273
19 3 3 39 293:350 1-93 0-66 63-49 30:627 288
20 4 4 39 293:324 1-78 0-58 63-43 30°663 211
21 4 4 38 293:349 1:90 052 63:05 30-713 172
22 5 3 38 293-283 1-89 0-63 63:31 30752 191
23 5 5 37 293-376 1:90 0-60 63-48 30-824 328
24 5 3 42 293:502 1-83 0-49 63-64 30938 470
25 4 4 39 293:474 2:00 0-60 6320 31-022 419
26 5 5 40 293-425 1-93 0-61 6316 | 314132 370
Second Series. Pendulum 1821 below.
27 4 4 26 389510 1:95 069 6291 31:118 9:99784802
28 4 4 29 389:452 2:15 065 6314 31-139 4849
29 3 3 32 389:370 2:17 0-65 63-44 31-212 4879
30 4 4 27 389509 1:95 070 63-25 31-260 4898
31 4 4 27 389-644 1-94 0-74 63:06 31-283 4951
- 32 4 4 32 389:992 1-80 0-51 63-13 31:313 5091
33 4 4 31 390:012 1-97 0-59 6331 31-310 5186
34 4 4 28 390-210 1-87 0-64 63-31 31288 5291
35 4 4 30 390-333 1-88 0:56 63-51 31°255 5380
36 4 4 29 390-314 1-99 0-67 6366 31-195 5434
37 4 4 28 390602 1-81 059 63:64 31-261 5557
38 3 3 33 390°692 2:01 051 6360 31-454 5647
39 3 3 29 390-885 1-97 0-65 6353 31571 5790 |
40 3 3 32 391-172 1-82 055 6350 31-694 5921
41 4 4 34 391-397 1-91 0-54 63:48 31799 6076
42 4 4 26 391615 1-76 0-69 63:31 31902 6194
43 4 4 30 391-800 1-84 063 6328 31:966 6302
44 3 3 34 392-069 1-99 0-56 6316 32:019 6449
45 4 4 25 392:125 2:01 0-76 63-54 32:014 6615
46 4 4 29 392:422 1-88 059 6330 31:992 6660
47 3 3 31 392554 2:07 0-64 63:29 31-983 6778
48 4 4 28 392:705 1-96 0-75 62-84 31-943 6774
49 4 4 29 392927 2:03 0-75 62:70 31-894 6877
50 4 3 33 393-396 1-77 048 63:15 31:831 7109
51 4 4 26 393-755 1-71 0-59 6363 | 31794 7421
52 4 4 29 394-013 1-64 0-59 63-43 31-763 7509
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Third Series. Pendulum 8 below.

Number of M : T
No. of Coincidences. | Number of Mean Arc of Vibration. Thi?rlngf Bﬁ?mf‘e‘t’ir Lfgira‘iiiidof
Swing. Intervals. Intervals. meter Readings. Pendulum on
’ Beginning.| End. Beginning.| End. Readings. Earnsaaw.
s ° in,
53 5 5 28 298+521 196 0:90 62:05 31335 9:99716353
54 5 5 37 298:819 1-89 067 61-85 31-229 6506
55 4 4 42 298929 205 063 61-84 31:135 6615
56 4 4 45 299-144 1-92 0:54 6168 31-049 6732
57 4 5 34 299-342 1-83 0-68 6161 30987 6919
b8 3 3 40 299:479 2:05 067 61-81 30971 7129
59 5 5 38 299-661 1-89 0-66 6175 30953 7259
60 5 5 38 299:832 198 0-67 61:65 30°922 7416
61 4 4 40 299950 2:08 065 61-71 30-883 7553
62 5 5 36 300-150 1-92 0:65 62:04 | 30°907 7788
63 5 5 36 300300 1-89 065 62-08 30:970 7946
64 4 4 43 300:468 | 1-97 0:59 6230 31021 8162
65 5 ‘5 35 300723 L 1-84 0-68 62:53 31050 8472
66 5 5 37 3014449 ' 191 067 62-80 31084 9234
67 3 3 42 301730 211 061 62:64 31°108 9497
Fourth Series. Pendulum 1821 below.
68 4 4 29 403647 1-98 063 61-55 31-119 9:99792364
69 5 5 25 403892 2:08 079 6173 31-045 2585
70 4 4 27 404-338 1-89 0:59 61-81 30893 2722
71 3 3 30 404-817 1-95 0:57 6164 30746 2022
72 5 5 25 405256 168 063 6166 30680 3117
73 5 5 27 405578 179 0-64 6165 30652 3300
74 4 4 31 405°984 1-80 052 6175 30651 3512
75 4 2 28 406-281 1-81 0°58 61-88 30:661 3712
76 4 4 29 406677 181 0:54 61-96 30:703 3937
77 3 3 32 407-141 191 0:49 62:00 30-796 4208
78 5 5 25 407372 1-85 067 62°19 30°868 4414
79 5 5 26 407-835 1-80 0-60 6220 30916 4645
80 3 3 30 408-133 213 064 6228 30:982 4897
81 5 5 27 408511 1-91 0-64 6273 30:969 ) 5146
82 4 4 31 409°032 2:07 059 62:31 30-909 5338

Secrion VI.—Computation of Logarithmic Rate of Lower Pendulum upon Upper
Pendulum ; combination of individual results ; and conclusion on the proportion of
gravity at the Lower Station to gravity at the Upper Station.

. . Rate of Lower Pendulum ,,,,. .
38. The quantity now to be found is Log. thi gf Upper Pendulum’ Tbis is

Rate of Upper Pendulum,
Rate of SueELTON

— L Rate of Lower Pendulum + Rate of EArRNsHAW
- Rate of EARNsHAW * Rate of SHELTON

Log.

The first of these quantities is given, for every Swing, in Section V.; the second in
Section II.; and the third in Section IV. Thus the following numbers are formed.

2vU02
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First Series. Log. Rate of Pendulum 8 below on Pendulum 1821 above.

No. of Log. No. of Log. No. of Log. No. of Log.

: Lower Pendulum p Lower Pendulum ; Lower Pendulum : Lower Pendulum
Swing. | Rate m. Swing. | Rate m. Swing. | Rate m. Swing. |Ra m.

1 9:99928067 8 9:99928485 15 9:99929623 22 9:99927705

2 9045 9 7284 16 8478 23 7793

3 9005 10 8116 17 8501 24 9783

4 8261 11 8683 18 8381 25 83856

b 9458 12 8278 19 7723 26 8582

6 9014 13 9524 20 8724

7 8281 14 8135 21 9083

Second Series. Log. Rate of Pendulum 1821 below on Pendulum 8 above.

[
27 0-00073466 34 0:00074088 ] 41 0-00073841 48 0-00073718
28 4199 35 3471 | 42 3720 49 3371
29 3602 36 3511 || 43 3714 50 3941
30 3684 37 3628 44 3727 51 3518
31 3868 | 38 4004 45 3382 52 3580
32 3919 © 39 3903 46 3709
33 3319 40 3232 { 47 38562

Third Series. Log. Rate of Pendulum 8 below on Pendulum 1821 above.

53 9:99928138 57 9-99928427 61 9:99928297 65 9:99928865

54 8078 58 8440 62 9319 66 8366
55 9635 59 8661 63 8406 67 8900

56 7957 60 8786 64 8243

Fourth Series. Log. Rate of Pendulum 1821 below on Pendulum 8 above.

68 0:00073376 72 0:00074105 76 0-:00073941 80 0:00073541
69 4097 73 3691 77 3929 81 3827
70 3162 74 3381 78 3549 82 2831
71 3748 75 3732 79 3997

39. On tracing the irregularities in these numbers to their sources, it will be
seen that they arise almost entirely from the irregularities in the comparisons of
the clocks. The rate of each pendulum upon its clock is either so constant, or
changes by such uniform degrees in the same direction, that there is every reason
to presume on the extreme steadiness both of the detached pendulums and of the
clocks.

Remarking then that, when a large variable error is combined with a small
variable error, the magnitude of the probable error in the combination is scarcely
affected by the small error, we may treat these irregularities of result as if they
were entirely due to irregularities of comparison; and we have now to investigate
the rule to be followed in combining the special results, supposed to be erroneous
from that cause only, in order to obtain a final result whose probable error shall be
the smallest possible. It is evident that we are not to give equal weights to the
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different results, for we should thus neglect all comparisons except the first and
the last.
40. Let the comparisons be numbered

0, 1, 2, 3, 4, «ouovuen.. n—1, n,
and let the swings be numbered
1, 2, 3, 4, ........ o n.

Let the actual errovs of comparison, estimated by their effect on a four-hours’ rate, in
units of the last figure of 8-figure logarithms, be

E, E, E, E, E, ...oc..... E,.., E.

(where E,; is supposed to be taken as if the comparison, which was really omitted,
agreed with that produced by interpolation between the two neighbouring compari-
sons,) aud let the probable errors of comparison be

€5 €15 €35 €35 €iy e e €115  Cuy
and let the weights for the results of the separate Swings be
W, Wy, Wyy Wiy oevnvnnans w,.

Then the errors in the results of the separate Swings, produced by the errors of
comparisons, are

(E,=E,), (E,—=E), (E—-=E), .......... (E,—E,_);
and, combining these with the weights
Wi, Wy Wiy ovoevnennns W,y
the actual ervor of the final result will be

w,(By = Ey) 4+ wo(Bg—B,) + ws(Bg—F)  « « + v v v+ o Fwu(By—E,_))

w, + Wy +wg + oo ces e +w,
_ = wEg+ (0= wo) By 4 (wy—wy) B+ (wy—w)Bg o o . . .0 . +w,E, )
- w, +w, +wg Foeii i +w,

Hence, by the well-known rules of the Calculus of Probabilities, the square of the
probable error of the final result will be

w?.e2+ (w, —w,)?. 6] + (w2——w3)2e§ + (wa—w4)2e"3’+ ........ +w?. efz.
(w, + Wy + W it oo twy)?

And if, for simplicity, we suppose all the comparisons equally good, so that for e, e,,
e,, &c. we may put e, the expression for the square of the probable error of the final

result becomes
w?+ (wl—w2)2+ (w2—w3)2+ ........ +wl

2
e X (wr  +  we Fowg eeee s Fwe)?

and we have now to determine values of w,, w,, &c., which will make this square of
the final probable error a minimum.
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For convenience, call this fraction eleg—g-

Differentiate with respect to w,, and make the differential coefficient =0 ;
S X (2w,—w,) — N=0, or 2w,—w2:-1;-

Differentiate with respect to w,, and make the differential coefficient =0;

S x (2w, —w,—w;) —N=0, or 2w,—w, —w,=

S

.. N
Similarly 2wy —w,—w, =g
2wn—-1—"wn—2"‘wn=§
2wn_wn—l :g'

Let —IS\E=2b, the value of b being at present unknown or perhaps arbitrary. Then
w, = w = w,
w, =2w,—2b =2w,— 2b
w, =2w,—w,—2b=3w,— 6b

w, =2w,—w,—2b=4w,—12b

w,_ = (n—1)w,—(n—1)(n—2)b
w, = nw,—n(n—1)b.
Substituting the two last in the equation 2w,—w,_,=2b, we obtain
w,=nb,

and, substituting this in the other expressions,

w,=2n— 2)b
w,=(3n— 6)b
w,=(4n—12)b
w,=(5n—20)b
- &e.
of which the law is evident. The second difference is constant, and = — 25.

Substituting these in the expressions for N and S, we find (after all reductions)
g
N:%.n.n—l—l n42
b - -
S =g.n.n+41.n+42,

. N . .
and the equation ‘g=2b becomes identical. Therefore 4 is arbitrary. For conve-
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nience, make b=1. Then the weights for the results of the successive Swings are,
n, 2n—2, 3n—6, 4n—12, &c.

The square of the probable error of the final result was found =e2x—slg. Substi-

12
n.n+l.n4+2

41. It will be instructive to contrast this result with the result obtained on two
other suppositions.

First: suppose that the Swings had been continuous, but that there bad been no
intermediate ‘comparisons of clocks. The probable error of the first comparison
being e, and that of the last comparison being also e, the probable error in their
combination by subtraction will be e/2; and as this applies to n Swings, the pro-

. . 12
tuting, this becomes €*>X ; or the probable error =e X \/F_____ -
n.n+l.n+2

1 - 2 . . .
bable error on the mean =5e\/ 2=e\/ 5 Comparing this with the probable error
found above, it appears that the intermediate comparisons have diminished the pro-

bable error in the proportion expressed by the fraction \/ on

Triage When n=26,

. . 13 . ..
this fraction is \/ §3» Or the weight of the result is increased nearly five-fold by the

intermediate comparisons. When n=15, the fraction is \/14’356’ or the weight is
increased three-fold.

~ Second : suppose that the Swings had been discontinuous. The probable error in
each Swing, found by combining its first and last comparison, would have been N2
and, as the different Swings are strictly independent, the probable error on the mean

of all would have been e\/%. Comparing this with our probable error above, it

appears that our system has diminished the probable error in the proportion
6 -
n—|—l.n+2'

. . . 1 . .
When n=26, this fraction is \/E—é’ or the weight of the result is

increased 126-fold by our system. When n=15, the fraction is \/1_376 or the weight

in increased 45-fold.

These contrasts will suffice to show the great advantage of a system of continuous
Swings with intermediate comparisons such as has been employed in this experiment.
I cannot quit this subject without repeating that my first impression on the advan-
tage of such a system was derived from the representations of Mr. SHEEPSHANKS*,
on occasion of the experiments of 1828.

42. In the First and Second Series, n=26, and the successive weights are 26, 50,
29, 92, 110, 126, 140, 152, 162, 170, 176, 180, 182, 182, 180, ....... 50, 26. In the
Third and Fourth Series, n=15, and the successive weights are 15, 28, 39, 48, 55,

* Since I commenced drawing up this paper, my valued friend has been snatched away by death; a victim,
I believe, to his labours gratuitously undertaken for the formation of the National Standard of Length. '
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60, 63, 64, 63, ....... 15. Combining the separate results by these weights, we obtain
the following mean results :—

First Series.
Log. Rate of Pendulum 8 below upon Pendulum 1821 above
=9'99928536.

Second Series.
Log. Rate of Pendulum 1821 below upon Pendulum 8 above
=0"00073691.

Third Series.
Log. Rate of Pendulum 8 below upon Pendulum 1821 above
=9'99928584.

Fourth Series.
Log. Rate of Pendulum 1821 below upon Pendulum 8 above
=000073715.

43. For ascertaining the probable error e I have used the following process.

Let E,, E,, E,, &c., as before, be the actual errors of comparison, estimated by the
effect which they produce on a 4-hours’ rate, in the 8th decimal place of logarithms ;
let R,, R,, &e. be the successive individual results for the rate of the lower pendulum
on the upper pendulum ; and let A be the adopted value of that rate. Now if A
were rigorously correct, we should have the following equations :—

E,= E,
E,=E,+R,—A=E,+ R, — A
E,=E,+R,—A=E,+(R,+R,) —2A
E,=E,+R;—A=E,+(R,+R;+R,)—3A
&c.
and, adding all for the First Series, which terminates with Ry; and E,,

E,+E,+ &c. +E;=27E,+26R,+25R,+ &e. +Ry— 222 A
E, is yet undetermined. Now the Theory of Probabilities which we have used
requires that the chances of positive and negative errors be equal, and therefore that
(subject to the irregularities of chance) E,+E,+ &c. +Ex;=0. This gives
26°25 1
Eo=2—,2*7" A— 27 (26R,+25R,+ &c. +Ry);

and, substituting this for E, in the different expressions above, E,, E,, &c. will be
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formed. Squaring each, forming 3'%th part of the sum of squares, and multiplying
its square root by 0'6745, the probable error is obtained.
The quantity thus obtained is however a little too great. For, the number which

. 26°
we have found for E, contains

5 27 % A or 12A neally ; and as the probable error of A

is about ¢ the probable error of 12A is dbout 16¢; and therefore we have on the

right side of the equation an aggregate of terms whose probable error is \/ —]—100

1 . . .
or e(l + 2—2> nearly. Thesameis true for E;; and those nearit. But for E,, the factor
of Ais 0. Thus it will easily be seen that the quantity which we obtain is really

1 r . ' .
e(l +(—;é) nearly. The correction scarcely deserves notice.

44. In this manner the following (uncorrected) values of E,, E,, &c. are found;
arranged with reference to the Swings to which they relate. It will be remembered
that the number 300 represents an error of 01 in absolute time, very nearly.

First Series. Second Series. Third Series. Fourth Series.
Error of Error of Error of Error of
No. of Comparison. No. of Comparison. No. of | Comparison. No. of Comparison.
Swing. Swing. Swing. Swing, [-——————
+ | - + | - + | - + | -
o B 7 v - 2 I s 21,
923 501 30 128
Q.-. ......... 414 28... 7 54--- ......... 476 69... 254
20— 29, |.....1. so || 55 515 70,00 299
4 IIEET TR T RY 220 30.-- ......... 89 56~~- --------- 52 71..- ......... 266
5 31, L S IO . 72,
702 88 209 124
6., 32... 58, s 73...
1180 316 353 100
7... 925 33... ......... 56 59... ......... 276 74... ......... 234
8 - 34 60 75
.o 8/4 ver 341 6 seclesrsencen 74 6.-. ......... 217
9... ......... 378 35... 121 1... ........ 361 7 vee 9
10, .......0e 36...0........ 62, 77...
11 798 37 59 63 374 78 223
]2“' ......... 65] 38... ......... 122 64... 196 »79... 57
13." ~~~~~~~~~ 909 39--. 191 65“' ''''''''' 145 80“' 339
14... 79 40... 403 66... 136 81... 165
15... ......... 322 41... ......... 56 67. ......... 82 82... 277
16... 765 42... 94 Xy 234 cecjeescrrsne 607
17-0' 707 43.-- 123
18"' 672 44" 146
e 517 Ly 182
19... cessenne 296 45... ......... 127
20'.. ......... 108 46... ......... 109
Zé'~~ 439 ig-- 52
23.-- ~~~~~~~~~ 392 49' 79
seslessissnes 1135 IR 241
24--- 112 50--- 9
Zg... AISITRLE 39 g;... ......... ]64
. i F PN 275

From these are found the values of the probable error of a single comparison, treating
the four series separately :
MDCCCLVI. 2 x
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In Series 1, e=+ 420.
In Series 2, e==+ 135.
In Series 3, e=+ 203.
In Series 4, e=-+ 173.

And hence the probable errors and weights of the mean results are :—

. . . 93
For First Series, probable error =+ 104, weight = 15555

. . 899
For Second Series, probable error =+ 3'3, weight = 10000

. . . 82

For Third Series, probable error =+ 11'0, weight = {5555
. . 11

For Fourth Series, probable error == 94, weight = '10—0(;40'

45. Combining the results of the First and Third Series, with the weights just
found, and still adopting as unit, in the probable error, the unity of the 8th decimal
of logarithms,

Log. Rate of Pendulum 8 below upon Pendulum 1821 above
=9'99928558+7°5.

Combining the results of the Second and Fourth Series,
Log. Rate of Pendulum 1821 below upon Pendulum 8 above
=0'00073694+3°1.
Gravity below

+ Grravity above is the sum of these logarithms, we have finally

And, remarking that Log

Gravity below
g Gravity above

Lo =000002252+82,

Gravity below

Grravity above — 1'00005185+0°00000019;

or we may otherwise express it,

L . . 1 . .
Gravity below is greater than Gravity above by o286 Part, with an uncertainty of

1
g7 part of the excess.

The acceleration of a seconds’ pendulum below is 224 per day, with an uncertainty
of less than 0*01.

46. But it is to be remarked that this estimate of the amount of uncertainty is
obtained from the amount of uncertainty in each mean as deduced separately from
the discordances of the individual results in the group contributing to that mean. In
comparing the means, we shall see reason to suppose that the ultimate uncertainty is
greater. Thus, though the probable errors of the means of Series 1 and 3 are 10-4
and 11-0, the difference of the means is 48: though the probable errors of the means
of Series 2 and 4 are 3'3 and 9°4, the difference of the mean is 24. It is likely there-
fore that some cause of irregularity has occurred, special to each series. The most
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probable cause is some trifling error or unsteadiness in the manner of fixing the
agate-plane-frames upon the iron stands. Itis nota change in either of the pendulums
after the Second Series, inasmuch as the value of the mean is altered the same way
under the alternation of position of the pendulums. Whatever the cause may have
been, the effect is extremely small. There appears to be no reason for altering the
concluded ratio of Gravity below to Gravity above. The probable error stated in
the last paragraph may be doubled, but I think that there is no sufficient ground for
trebling it. The amount of the uncertainty, so increased, is insignificant for the
purposes of this experiment.

47. There remains, however, a serious question whether there may have been any
difference in the circumstances of the upper and lower pendulums, not included in
the corrections applied, which can produce an effect similar to that of a change of
gravity. The first point to be considered is, the instability of the mountings. The
importance of a very firm foundation was perfectly understood by the able practical
men by whom the ground-work was arranged, and particularly by Mr. ARkLEY ; and
I conceive all was done which it was possible to do, to make the floors solid. The
form of the iron stands is particularly well adapted to firmness. Any tendency to
lateral or other movement is counteracted by the endwise resistance of strong straight
iron bars. I had at first intended to interchange the iron stands in the middle of
the operation, but upon contemplating the mechanical firmness ensured by the plan
of their construction, and the exact similarity of the two stands in every respect, I
gave up this design ; being fully convinced that there might be risk of instability in
a change, but that there could scarcely be any sensible absolute instability and (as I
believe) no sensible relative instability, in the stands as they were planted. The
stands were supported in the same manner at both stations. :

The mere determination of the relative rates of the detached pendulum a.nd the
clock pendulum, by the method of coincidences, is accurate almost beyond conception.
I do not see how it is possible that an error of 0%01 per day can enter from this
cause.

The observers were so evenly interchanged in the upper and lower stations, that
no personal peculiarity in the method of reading the thermometers or of taking any
other observations can have produced a sensible effect. The following Table shows
the aggregate number of turns taken by each :—

Initials of observer’'s name C D E P R S,
Number of turns above 5 5 4 4 b5 5.
Number of turns below 5 2 5 6 b5 b

48. I will now point out the only cause from which, in my judgment, any percep-
tible error can arise. It was my intention that the temperature of the upper station
should be brought, as near as could practically be done, to that of the lower station.
In the first week, however, Mr. Dunkin was seized with a sudden and severe illness,

2x2
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and the transmission of the detailed observations to me was in consequence delayed.
An inequality of temperature, which began accidentally, was thus allowed to exist
too long to admit of correction. On comparing the mean of all the upper tempe-
ratures with the mean of all below, I find that the lower station was warmer than
the upper by 7>13 Faur. (the upper and lower means being 55%75 and 62°88).
Therefore, if the adopted coeflicient of thermal correction is erroneous, the result of
these experiments will be erroneous by the amount of that error on a range of tem-
perature of 7°13. There may yet be opportunity of verifying the coeflicient of tem-
perature-correction. ' ‘

SecrioN VII—Measure of the difference of level of the two Pendulum-Stations ; sur-
vey of the neighbouring country ; and computation of the difference of attraction
of the Eartl’s shell on the two pendulums, upon an assumed value of density.

49. For measuring the depth of the mine, Mr. Simms furnished an iron wire 100
feet long, with an attached scale at each end. After the operation, this wire was
returned to Mr. Sivmms, and was found to have preserved its length sensibly unal-
tered. It was used by Mr. ARKLEY to measure the depth, in the following manner.
Mr. ArgreY placed himself on the top of the “Cage” in which the coal-trams are
conveyed from the bottom of the shaft to the top, and, when it was lowered 100 feet,
an assistant attached himself to the strong wire-rope on which the Cage is suspended.
The assistant carried the upper end of the measuring-wire, and in the first instance
held it level with the top of the shaft (the steam-engine used for raising or lowering
the Cage being stopped); Mr. ArkLEY noted the position of the lower end of the
wire (to which a small stretching weight was attached), and fixed a small nail in
the brattice opposite to that lower end. Then the Cage was lowered 100 feet ; the
assistant held the top of the wire to the nail so fixed, and Mr. ARkLEY drove a second
nail in the brattice, opposite the lower end; and so on to the bottom ; the last frac-
tion of 100 feet being measured with a measuring tape. After this, the levels of the
pendulum-stations were referred to the top and bottom of the shaft by the ordinary
surveyors’ levelling operations. ‘

The following is an abstract of the result:—

ft. in.
Depth of the shaft . . . . . . . . . . . . . . . . . . . 1263 6
Rise of the floor of the mine from the point of measurement at the bottom
of the shaft to the floor of the lower pendulum-station . . . 4 93
Fall of the surface from the point of measurement at the top of the shaft
to the floor of the upper pendulum-station . . . . . . . . . 2 71

Distance between the floors of the upper and lower pendulum-stations . 1256 1

50. For computing the attractions which determine the difference of gravity at the.
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upper and lower stations ; if we refer to the simple investigation in article 2, it will
appear desirable to conduct the calculation which is to apply to the earth’s irregular
form iu such a manner as to preserve the characteristics of that simpler investigation
as closely as possible. These characteristics are,—

1. That a shell may be traced, whose inner surface passes through the lower
station, and whose attraction at that lower station is =0.

2. That the attraction of the same shell at the upper station is the same as if its
matter were collected at the centre of the earth,

3. That the attraction of the inclosed nucleus follows the same law, in reference
to the difference at the upper and lower stations, as if all its matter were
collected at the centre of the earth.

And we are to find how nearly we can approach to these circumstances on the sup-
position that the earth’s constitution is irregular, both in the neighbourhood of Har-
ton and in distant regions.

51. Now if there are sensible irregularities near the upper station, it will be impos-
sible to satisfy the first and second conditions at the same time. For, the demon-
stration of the evanescence of shell-attraction at the lower station rests upon this:
that if chords be drawn through the point L, Plate XI. fig. 1, included within the
solid angle aLé, as cLFC, the portion FC must be equal to Lc; and therefore, if in
the surface ab (which may be a very minuate field) there be an elevation or depres-
sion, there must be a corresponding elevation or depression over the whole AB (which
will be, in extent, a large continent) ; and this will disturb the second condition. Tt
will be better, therefore, in the first instance, to give no attention to the local irregu-
larities near the upper station ; to assume that the surface there is spherical; to find
with this assumption how we can satisfy the three conditions; and afterwards to
make allowance for the effect of the irregularities near the upper station.

52. In fig. 2, then, conceive that for some distance on each side of L (say twenty
or thirty times the depth of L) the external surface is sensibly spherical ; and con-
ceive that at A, B, C, &c. there are local irregularities, perhaps large in extent as
compared with the depth of L, but very small as compared with AB in fig. 1. Trace
the inner surface DEF by making AD=La, BE=Lb, CF=Lc, &c. These lines,
however, are to be made geometrically equal only when the density of the matter is
the same as that above L; if the density about A is less than that above L, take the
geometrical length AD greater than La in the same proportion. Then the attraction
of the shell on the point L will be strictly equal to 0. Moreover, its attraction on
the point U will be sensibly the same as if its form were free from irregularities. For,
the attractions on U are all added together; the irregularities are local and nume-
rous, and are partly additive and partly subtractive; and by hypothesis we have
excluded all the irregularities near L or U, which, individually, can be important,
And it may be accepted as a universal principle, that when a result is produced by
the addition of a great number of small componeuts which are liable individually to
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small irregularities 4+ or — affecting the ratio or multiplier of each, the sum of all
the components will be sensibly free from the effects of these irregularities.

53. In like manner, if we divide the nucleus by planes parallel to the tangent at L
or U, as shown by the dotted lines in fig. 2 (or indeed in any other way), the attrac-
tions of the slices thus formed are additive, both in their effect on L and in their
effect on U. Therefore, for the nucleus generally, by the same reasoning as that
above, the effect of irregularities in the outline (and therefore the effect of the irre-
gularities in the outline of the earth, on which these depend) will be, as I conceive,
-sensibly evanescent. But this does not apply to irregularities in the geological con-
stitution of the earth at a small distance below L; because these irregularities, or
rather that one irregularity, may be sensible in proportion to the whole change of
attraction between U and L. This is a source of uncertainty from which no expe-
riments made on the earth itself can be perfectly free. We must trust in a great
measure to the general regularity of stratification, &c. of the district, for supporting
us in the confidence that there is no great disturbance in the law of attractions of
the nucleus upon the points U and L.

54. To illustrate in some degree the difference in the attractions and changes of
attraction depending on different slices of a sphere, I have supposed a homogeneous
sphere divided into twenty slices by equidistant planes parallel to the tangent at L,
and have computed (by formulee easily investigated) the attraction of each slice upon
the point L at the surface, and upon a point raised above the surface by 4;th part of
the radius. Omitting the factor #, the results are as follows :—

. Attraction on point | Attraction on point Decrease
No. of slice. at the surfa}:)e. elevated —l%ragius. by the elevation of
the point.
1 *17019 *10401 +06618
2 *14548 *11404 03144
3 *12941 *10644 *02297
4 *11640 +09811 *01829
5 *10519* *09002 01517
6 09515 +08231 +01284
7 +08600 *07501 *01099
8 ‘07756 +06808 °00948
9 *06963 +06144 00819
10 06217 +05509 +00708
11 05512 +04901 <00611
12. *04833 +04315 00518
13 +04191 +03745 *00446
14 *03568 +03207 +00361
15 02973 +02666 +00307
16 *02391 «02161 <00230
17 +01836 01655 +00181
18 01295 01165 *00130
19 00766 «00693 «00073
20 +00249 00232 «00017

* 1 was not aware till I made this calculation that the plane which bisects the radius drawn to I, divides the
sphere into two segments whose attractions on L are equal.
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These different slices, it may be remarked, correspond to equal surfaces on the sphere;
and upon these it is not improbable that the irregularities may mainly depend.

55. In much of the preceding reasoning, it will be remarked, 1 have tacitly
assumed that large continental elevations or large marine depressions, as we find
them on the earth, do not interfere materially with the general law of attraction based
on the spherical distribution of matter. For the reasons which seem to sustain this
assumption, I would refer to a paper by me (printed in the Philosophical Transactions,
1855) on the Attractions of Mountain Masses. It will also be remarked that I have
not introduced the consideration of the earth’s rotation. I conceive its effects to be
extremely insignificant ; but the formulee applying to it are so unmanageable, that I
have not pursued it to details.

Considering now that it is sufficiently shown that, on the supposition that the
surface in the neighbourhood of U is truly spherical, we may use the method of
article 2, with no other uncertainty than that explained in article 53 : I shall pro-
ceed with the corrections for the inequalities of the surface near U.

56. First, I shall investigate the attraction of the matter included between two
horizontal planes, figure 3, upon points U and L in these planes, whose distance or
the separation of the planes is equal to the distance UL in figure 2.

Divide the whole of the matter into cylindrical rings, of which UL is the axis: let
the internal and external radii of one of these rings be ¢ and g40%. Call the azimuth
of any part of the ring 4; the end-surface of the prism included between 8 and ¢4-84
is p.9.90. Let = bethe vertical ordinate measured upwards from the lower plane; the

solid content of the part of the prism included between z and dz is gde.84.0%: its

d.pSp.39.3.2'

attraction on the point L, supposing its density to be d, is i

; and the resolved

d.pdp.2.282

—. Integrating with respect to =
(+? ST P

part of this, in the vertical direction, is

_ , 1 .
between the limits 2=0 and x=c=UL, we have d.gde.04. (—— A) Integrating
PP+
. 3
with respect to ¢ for the whole circumference, we have 27.d. (Bg—z—;:*_:—)%) Inte-
P C

grating with respect to ¢, we have 27r.d.{g—|—c—(g2-|-c2)%}. This is the attraction
upwards on the point L. The attraction downwards on the point U will be the
same ; and thus the difference of attractions on U and L, estimated in the downwards
direction, will be 47.d.{e+c— (&+c*)*}.

If the planes be continued without limit, or ¢ be infinite, this expression becomes
47c.d. Now the attraction of a shell whose thickness is ¢, computed as in article 2,
is 0 for the point at the inner surface of the shell, and 4zc.d for the point at the outer
surface, and therefore the difference is 47cd. Hence it is indifferent whether we
consider the difference of attractions at the upper and lower stations (independent of
the change in the attraction of the nucleus caused by the change of distance from it),
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as produced by a shell of matter, or as produced by the matter-between two parallel
planes of unlimited extent.
If the extent of the planes be limited, their form being circular, let g=nc;

1 1 1
then the difference of attractions is 47rc.d.{n+l—<n+2—n— &c.)}:clvrc.d.{l —%}
nearly. If (as in the Harton experiment) »=4% mile, ¢=3 miles =12c¢ nearly, this

23 .
=47rc.d{l—§1‘—1} nearly. Thus it appears that 57 of the effect is produced by the

matter within three miles of the pendulum-stations. It is evident therefore that it is
not necessary to give attention to the small inequalities of the ground at any great
distance from the pendulum-stations.

. 57. The inequalities which we have to consider are entirely at the surface, and do
not in any case exceed in vertical measure one-tenth of the depth of the mine. They
may therefore be considered as being actually at the surface ; and, if their horizontal
extent is not very great, each may be considered as collected at its centre of gravity.

Its effect on the upper station will be 0; its effect on the lower station will be
4

e X dx volume; where ¢ is the horizontal distance of the centre of gravity.
P 4

An eminence will increase the attraction upwards, and a depression will diminish it.
But as our only object is to find the difference of attractions on the two stations, we
may estimate the whole, with changed sign, as an effect on the upper station; then
an eminence will increase the attraction downwards, and a depression will dimi-
nish it.

There is however one depression which it is desirable to consider in a different
way, namely that of the sea. The depth of the sea itself is less important than the
depression below the table-land, which continues with little change of level to the
edge of the cliffs; and a sufficiently accurate estimate may be formed of the measure
of depression (including the effect of the attraction of the water) considered as uni-
form. 'The line of cliff may be considered as straight. Let @ be the distance from
the pendulum-station to the straight line of cliff, measured perpendicularly to that
line; b the depth of the depression; let & be parallel to a, and v parallel to the line
of cliff. The matter d xdx X8y X b is at the distance (*+#*)* from the upper station,
d.b.c.B;c.@ya’ or d.b.c.Sx.éy
(@492 + D) (#*+y2)%
2d.b.c.0x
e

and therefore its vertical attraction on the lower station is

nearly. Integrating first with respect to y, from — cc to -+ oo, we have
2d.b.c

®

Integrating then with respect to «, from @ to oo, we have

These formulee will suffice for our purpose. It is only necessary further to remark,
that, as the unit of measure is absolutely arbitrary, and as the numerical and gra-
phical operations are a little facilitated by using for unit the “depth of the mine,” I
have, in all the subsequent calculations, adopted that quantity (1256 feet) as unit
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of measure. In all the preceding formula, ¢ must now be made =1. The earth’s
radius corresponding to Harton is then 16621°7, its attraction at the lower station

8m

. 4 .
is gx 16621'7 x D, or 69625 x D, and at the upper station {69625— 3 }xD. The

attraction of the shell upon the upper station, or the difference of attractions of the

indefinite horizontal stratum upon the upper and lower stations, is 4= X d. The for-
. . . 25 .

mula applicable to the depression of the sea will be — X d; and that applicable to any

volume
P+ 1)%

other elevation or depression will be X d; where all linear measures are to be

veferred to the mine-depth as unit.
58. On my making known that information on the inequalities of the ground would
be required for the final calculations, the Mayor and Corporation of South Shields
directed that the necessary surveys should be made, and the execution of this work
was entrusted to CrHrisTopHER THoOMPsON, Esq., Surveyor for the Corporation. This
gentleman entered fully into my views, and, after the proper surveys for elevation,
furnished me with a map extending about three miles in all directions round Harton,
with the elevations above high water in feet marked at numerous points. I found that
a line might be drawn, nearly ten depths distant from the upper station, touching the
cliffs of Tynemouth and the cliffs south-east of Harton, and ranging for some distance
along the coast of Durham. I therefore drew a line parallel to this at ten depths
distance from the upper station, and divided the whole country into squares (with
sides of one depth each) whose sides were parallel and perpendicular to this. These
squares I grouped as appeared most convenient, as will be seen in the Map, Plate XII.
fig. 4 (the principal object being to secure a proper representation of Jarrow Slake
and the Valley of the Tyne), and adopted for each group the elevation in feet above
high water which Mr. THompsoN’s elevations of special points suggested. The
elevation of the upper pendulum-station was 74 feet. Consequently, the vertical
measure which was to be used for computing the “ volume” in the formula above
Elevation—74 ’

, 1256

measured graphically from the map, and /g1 was formed graphically from it.
59. Adopting for the sea, so far as its effects are principally sensible (and con-
ceiving the water replaced by an equivalent quantity of ground with surface lower

than the sea), the elevation —15 feet, to which corresponds

pT15—T4_ =89
— 1256 1256

Of this formula, a small table was prepared. The quantity ¢ was

—07087,

the factor of d applicable to the depression of the sea beyond the straight line at

distance 10 is
—2 x 07087 _
10 -

MDCCCLVI, 2v

—'014174.
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The elements for computing the effect of the other inequalities, and the factors of d,
are as follows; that for 19* being inserted by estimation : — ‘

Elevation in Attraction. Elevation in Attraction.
No. | feet above |Surface.| p. No. | feet above |Surface.| p.
high water. + - high water. + -

1 — 15 | s | e | e *014174 || 23 15 3 26 | .. 006421

2 0 9 1047 | .eeee +000427 || 24 60 4 17 | el 005920

3 0 8 95 | ... 000541 || 25 55 4 17 | +008021

4 5 7 100 | ...... 000379 || 26 80 4 17 |-002537

5 5 6 98 | eeee 000346 || 27 74 4 17 |~000000

6 30 6 83 | ... *000361 | 28 90 8 30 (003292

7 70 12 70 | ... +000108 || 29 90 12 55 |-000866

8 80 7 6-9 [-000099 | ...... 1 30 90 12 85 |+000244

9 130 12 7-8 (001102 | ...... 31 0 6 1604 | ... +000080
10 125 10 97 1000438 | ...... 32 0 4 153 | ... 000065
11 0 4 75 | ... +000543 || 33 0 12 11-:0 | ...... *000524
12 15 4 58 | ... *000925 || 34 -5 5 70 | ... *000890
13 5 2 52 | ... 000743 || 35 30 4 97 | ... *000151
14 50 6 39 | ... 001739 || 36 40 20 68 | ...... 001669
15 80 6 37 |-000514 | ...... 37 20 2 40 | ... 001229
16 100 16 4-5 |-003381 | ...... 38 74 25 4+*4 (+000000
17 120 12 70 |-001244 | ...... 39 105 16 65 [-001387
18 120 24 105 |-000748 | ...... 40 90 21 85 [-000426
19 — 15 50 180 | ... +000605 || 41 140 16 93 |-001029
9% 0 000600 | 42 100 24 10-4 |-000435
20 15 2 79 | . +000186 || 43 125 16 12:0 |-000372
21 0 2 66 | ... *000395 || 44 120 10 11-0 |-000272
22 — 10 9 45 | ... +006143

The sum of all the factors for the effects of inequality is —-044799.

As the attraction of the shell is 12°5666368 X d, and as the effects of inequality
amount to —*044799 X d, the complete effect of the ground above the lower station
is 12521569 X d.

60. We are now in a position to obtain a result requiring only for its complete
numerical exhibition a knowledge of the specific gravities of the mine-rocks. The
formula for gravity at the lower station has been found to be

69625 x D,
and that at the upper station
(69625 —83776) x D412'5216 X d.

Gravity below

Hence Gravity above

=1+-0'00012032 — 0°00017984 X %

But the experiments gave (see article 45)

Gravity below

Gravity above — 1:00005185+-"00000019.

Hence 0:00006847 £-00000019=000017984 X 15

D
or 7=2’6266i'0073,
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where (as has been explained in article 46) the last term ought probably to be
doubled, to give the uncertainty depending on the pendulum-experiments only.

SectioN VIII.—Estimation of the Mean Specific Gravity of the Surface Rocks; and
Jinal conclusion on the Mean Density of the Earth, as determined from the Pen-
dulum Experiments.

61. By the kindness of Mr. ArkLEy, I was furnished with a complete account of
the strata passed through in sinking the Harton shaft, and with specimens of a great
number of the rocks. These were submitted to Professor W. H. MILLER, who with
great labour determined their specific gravities. I place below the entire catalogue
and measure of the strata, and the results at which Professor MILLER arrived. Pro-
fessor MiLLER remarks that there is inevitable uncertainty in the estimation of the
weight of those specimens which were drawn from beds described as containing
water.

Tempera-
Specific ture of
Thickness. | Gravity. water,
Centigrade.

No. Description of Rock.

ft.
Soil . S e B |
Yellow Clay ST U U PP PPREURPRPRTPI B
Blue laminated Clay SO PRSPPIl B 4
Gravelly Clay .. ST PRORURN 1)
Red Clay (restmg on the Stone Head) DU I 1
Soft blue Shale, and a little Water ........ccccevvvverivserisiininiiniiiinnnn| 7
Coal.. PPN
Dark Grey SRALE  ovroonsereseesssseeeseseerssuesseerssersessesenesressnesssnnna| 7
Coal..
10 |Dark Grey Shale teterrern e rierierieeeerensensensesneneseenensrnsrsareaneneeses| 12
11 [Coal and a little Water ......
12 |Strong dark Grey Shale mixed with SAndStone .......ocovscssvrreesrires| 9
13 |Strong Grey Sandstone and Water ..,.......ccoseersemiseereisssonpunsisnianl 7 1
147|Grey Shale ....cceeeueeiiriermmiiineeeriiinneeriieereesniieneseeseesssensseneeann| 18
15 |Bituminous Shale .

16 |Coal..

17 {Thill or Grey ‘Shale...
18 |Sandstone Girdle ..... PPN 1
19 |Grey Shale, Sandstone Glrdles, and Water TP I |

20 |White Sandstone Girdle and Water . Cereereraeenes e

21 |Grey Shale .........
22 |White Sandstone GirdlE AN WALEE .. ov.vveorscresosceersresersesesessssaeens
23 |Bituminous Shale ....c.icveeeiiiiiiiieeriiiriiiieniiii e
24 |Coal.. S T PP
25 Thill or Grey Shale S PPN
26 |Grey Sandstone ........vieveeerieeetiiniiiiiiiniiiiiiii e

o
B

o

of

2:5698 159

O WS OO i W -

2:5273 164

2:5341 88
2:6170 92

-

W 0O

2:5325
26325

@
[N ¢

3
27 |Grey Shale ......... [P B/
28 |Grey Sandstone with partmgs of Bltummous Shale.. cregesrenerrereenns 2
29 |BlUe Shale ....iiveeeeeiiereerreeerunnerenneeseseersomserserersasrersesesssnsnassases| D
30 |Coal.. S PP PSR I
31 Dark Grey ‘Shale ettt b teeeteereseenerareanenesssestesensrnarersensaneneenens| 4
32 |Grey Shale . SR PPPPPOT I 11
33 |Coal .. F U PP PPP PSPPSR N |
34 [Band of Grey TSHALE  oroeireere e arns .

35 |Coal ..
36 |Sandstone with very ‘hard Gu‘dles TSI UT RPN STPRRTRRU B

2v2

O VWONANVN DNV OCOHRDIUNRNVVNONOCUTOODORWWDAIWOOWO RO

28072 | 17-25




340 MR. AIRY’S ACCOUNT OF THE HARTON EXPERIMENT

TaBLE (continued).

Tempera-
No Specific ture of

) Description of Rock. Thickness. | Gravity. water,
Centigrade.

ft

o

W

87 |Grey Shale and Water ........ccccvveeveiirinreneesinisiniuienceneecseeseeerenes
38 |Coal .. P
39 Bituminous Shale
1 1 PP
41 |Grey Shale with Sandstone Girdles .......ccceeviiiiiiiiiniiiiniininieieecenens
42 |Coal .. eeassersusesuseretatennnivares tarasstunes s nrndreber
43 |Grey SRAIE vovoooosoe oo
44 |Coal ..
45 |Grey Shale with thin Sandstone Girdles and Water ... e 23
46 |Coal, Brassey Band, and Coal ......ccccoveviiiiimincreienininennnnnneeenceennn| 2
47 |Grey Shale . . FE PPN D
| 48 |Grey Shale, Sandstone (nrdles, and Water et ererententeonnnaessnsaevenssanes] 18
49 |Sandstone and Water . . T PPN I 1)
50 [Dark Grey Shale ......ooovviuiiiiiiiiieiiiiii e e ceeeerceese e e eeene| 12
3 L 1
52 |Grey Shale or Thill ....ciiiiiiiiitiiiiiiiirie e ceeeer ceneenees 4
53 |Grey Sandstone and Water ....... Y Y
54 |White Sandstone with Shale partmg@ And Water......ooooow oo 116
55 [Dark Grey Shale ......... R B X
56 |Coal ..
57 |Dark Grev Shale e eetieeset ittt etetnereeesesnaesonsenseresennrsrrereseasesrseaass| 10
58 |Coal .. B
59 Brown Shdle
60 |Grey Sandstone with Shale’ partmgs ‘and salt water, emrttmg Carburetted
Hydrogen Gas.. ST I
61 |Red and White Sandstone, porous “and wet . P . 12
62 |Coal mixed with hard Bituminous Shale .....c..coccviveiviirininnienivereiannn.
63 |Soft Grey Shale . . RPN B
64 |Strong Bituminous Shale mixed with Nodules of Clay Tronstone ... 1
65 [Coal.iiuuiuiiiiiiiiiii e e e ee e e e e
66 |Strong tight-coloured Gre)’ Sandstone with Shale partlnga and very hard
Girdles.. e . 10
67 |Dark Grey ‘Shale PR B X
68 |Coal..
thummous Band :
Coal ...ovvieninnn, U PPP! S T T B A B 17:5
Bituminous Band -
Coal.....cuvunnee
69 |Hard Grey Shale with very hard Sandstone Girdles .......ccecvvuuvrnnnnnn.| 27
70 |Dark Grey Shale with Girdles of Clay Ironstone.. [P I 21
71 |Foul Coal.. creerens ceree N
72 |Dark Grey ‘Shale ...... P T
73 |Hard dark Grey Shale vnth Sandstone erdles PPN B §1
74 |Coal .. e ceennn P
75 |Grey Shale F DR B |
76 |White Sandstone with very hard Girdles and Water ......... Crrererensiras 24
77 |Coual 0 ft. 4 in., qlaty Coal 1ft. Tin.=11t: 5in. ...ociiiviniiiiiiiinnininnnn.s 1
78 |Grey Shale ......ivveiiieiiiiieiriineieric e e e e e e 2
79 |Coal ..
80 |Dark Grey ‘Shale with Sandstone Girdles and Water
81 |White Sandstone with Shale paltmgs RN B ¢
82 |Grey Shale ....covevvnernnnne PO N
83 |Coal, strong anhd good ............................................................... 2
84 Splmt Coal . Ceeeeneueeesenaeerhraretebenaserhresabeenshentetseesnsneeananenas
85 |Grey Shale .......... PN IS |
86 |Strong White bandstone, very “hard in places, and water ... 43
87 thummous Shale

(o]

(313

25525 | 158
1-3117 16-1
25716 | 100
25687 | 10°3
2-6695 88
2:5962 99
1-3474 77

f—

2:8016 160
26132 16+4

26233 48

25410 | 169
28163 84
17010 84
25184 95
22587 95

WOt OS W W
TSI

2|

2:6595 91
2:5734 17-

-~ o

26223 7
25416 8

—

WO = = NN =0T

27073 185
2:2660 95

25334 90

Y

2:6434 93
2:5613 78

—
£
[
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24969 155
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TaBLE (continued).
Tempera-
No. Description of Rock. Thickness, | Specific | ture of
. Gravity. water,
Centigrade.
ft. in.
88 |Black Slaty Coal.. BN . 1 53 ’
89 |Grey Shale with Sandstone Girdles . 15 8
90 |Bituminous Shale with Clay Ironstone Girdles.. 3 0
91 |Coal .. cenanrees - 13
92 |Dark Gley Shale thh Sdndstone Gu'dles 16 1
93 |Hard White Sandstone with frequently hard Shale and small Ironstone
Nodules very coarse, and a little Water ...ovvvvieveenerieiieciorncnnnns 64 7 | 25483 85
94 Dark Blue Shale with Nodules and Ironstone Girdles.......ccccvveieveennnns 6 11 | 25178 95
95 |Grey Shale with Sandstone Girdles .. veveres 6 0
96 {Bituminous Shale 7 5 | 25209 17:1
97 |Coal, strong and good... . 6 | 1-2956 18°1
98 Grey Shale with bandstone Glrdles . 21 0
99 |White Sandstone with a little Water.. 19 0 | 2:3250
100 |Grey Shale with Ironstone Girdles 6 0
101 [Coal .. . 1 2
102 Bltummous Shale 1 | 2:3942 4-8
103 [Coal .. e ererereeenaes ettt teeneeearee et rerasraerenraeeenaneans 2%
104 Bltummous Shale .................................................................. 3 0 | 26000 91
105 |Bituminous Shale mixed with Coal pipes ....coviviirineiiiiniiiiiiniiiiienenn 6
106 [Grey Shale ....vvvveveeeeseeniirnnernereriininosieeinsieeresssssnnnesnesessssennnns| 0 0
107 [HArd SDale vuvvevueeueeereensereninrnereciesestsnenassorssissssorssrnssssesssossoes 21 0 | 26066 96
108 |Grey Shale with Sandstone Girdles ........ 27 06 | 26641 73
109 |Strong Grey Sandstone with Shale partmgs, and ver)r ‘hard Sandstone
Girdles with a little Water .. cevereeennees . 40 5 | 26146 96
110 |Blue Shale Girdle ..... 2 0%
111 |White Sandstone Girdle ‘with Shale partmgs e 2 3
112 |Coal .. ererereieenesesrranereeeenanenes] 110
113 |Grey Shale with Tronstone NOGUIES ..........cocowsveoesisesresesesseseerern 4 0
114 [Strong Grey Shale with Sandstone Girdles .............eeunn.e. 10 0
115 |Strong dark Grey Shale with Sandstone Girdles ..........cocevveiniennnnnnne. 14 0
116 |Splint Coal . e 5
117 |Grey Shale with Sandstone GIHIES v oo 10 0
118 |Strong White Sandstone with very hard Girdles ..........covvererieniniinenns| 120 | 2:6481 152
119 |Very hard Sandstone ..... - 8 0 | 26763 77
120 |Hard Grey Shale with Sandston? and Ironstone Glrdles 33 1 | 26021 74
121 |Black Slaty Bituminous Shale ..... . 1 0
122 |Coal .. 9
123 Bltummous Shale . 3
124 |Shale ....... errreecrierieiinenaeenes| 40
125 |Hard Grey Shale w1th very hard Sandstone Glrdles ........................ 79
126 |Coal .. 3
127 |Hard Grey Shale thh mlld and also very hard Sandstone Gnrdlea Cveenes 25 3 | 28178 53
128 |Coal .. e eereeererree . SRR 83
129 Bltummous Shale 3 2
130 |Coal .. 31
131 Shale teeeneeuerateetaeaes e nrhae et ae e e eaeasteearsaeeserasanes 4 2 | 25591 16-8
132 |Bituminous Shale 5%
133 |Splinty Coal 2%
134 |Grey Shale ...... 1 2
135 |Dark Grey Shale with Ironstone GirdIes ........oovvevreersseseresnseseseeens| 6 2
136 |Grey Shale with Tronstone Girdles .......ccocoeviiiiiiiiiiiiiiiin. 11 3
137 |Grey Shale with Shale partings and very hard Sandstone Girdles ......... 15 0
138 [Dark Grey Shale with Ironstone Girdles ......ceoeeeiiniiiiiiiiiiinnn, 8 0
139 |[White Sandstone with very hard Girdles . 5 6
140 {Grey Sandstone with Shale partmgq and very hard Glrdles 21 11| 26146 83
141 {Bituminous Shale errererenaees 4
142 |Top Coal.........
Splint ..... Bentham Coal Seam.
Bottom Coal everere e eeeae 6 0 | 12869 87
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62. Without pretending to extreme accuracy, we may consider the thickness and
specific gravity of the beds as represented, with sufficient accuracy for the present
purpose, by the following numbers :—

1211 feet of rocky and shaly beds . . specific gravity 2:56
30 feet of coaly beds. . . . . . specific gravity 1°43
15 feet completely worked out . . specific gravity 0°00

From these the mean specific gravity is found to be 2:50.
63. Substituting this for d in the expression at the end of the last Section, we get
for the mean density of the Earth, as determined from these experiments,

656610182,

where the last term (expressing the probable error) ought to be at least doubled.

64. The value thus obtained is much larger than that obtained from the Schehal-
lien experiment, and considerably larger than the mean found by BarLy from the
torsion-rod experiments. It is extremely difficult to assign with precision the causes
or the measures of the errors of any of these determinations; and I shall content
myself with expressing my-opinion, that the value now presented is entitled to com-
pete with the others, on, at least, equal terms.
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XV. Supplement to the « Account of Pendulum Experiments undertaken in the Harton
Colliery ;" being an Account of Experiments undertaken to determine the Correction

Jor the Temperature of the Pendulum. By G. B. Airy, Esq., Astronomer Royal.
Received February 13,—Read March 6, 1856.

SectioN IX.—Introductory and Historical.

65. IN order to remove, as far as possible, the slight uncertainty in the result of
the Harton Experiment depending on the mean difference of temperature of the
Pendulums, I again borrowed the two Pendulums and the Clock SuELTON from the
Royal Society, and prepared them for use in the following manner. Two rooms
were selected at the Royal Observatory, which appeared well adapted for a series of
pendulum experiments. One is the Laundry of the Dwelling House; a room on the
basement story, almost entirely sunk below the level of the Lawn and Front Court,
but bordered on two sides by a dry area; with stone floor laid immediately upon
the solid ground. The chimney-opening and other crevices were carefully stopped
up, and a hot-air-stove with funnel leading into the chimney was planted in the
room ; by means of this stove the temperature of the room could be maintained with
reasonable steadiness nearly to 90° Faur. The Pendulum 8 with Clock Earnsuaw
were mounted in the usual way in this room. A screen was placed between the
stove and the pendulum, which effectually prevented the pendulum and its thermo-
meters from receiving any sensible heat by radiation. The other room is the Lower
Record Room, a room with stone floor laid (except at its centre) upon the solid
ground, warmed by a heating apparatus below the centre of the floor. The Pen-
dulum 1821 with Clock SuELTON Were mounted in one side of this room. As a hot-
air-pipe rises in the centre of the room, this pipe also was screened to prevent unfair
radiation on the pendulum, &c.; although here the necessity for such caution was
far less pressing than in the Laundry.

66. The plan proposed for operations was; to compare the clocks, by carrying a
Solar Chronometer from one to the other, and observing their readings at the time
of coincidence of beats (a method which admits of extreme accuracy when the clocks
are so near together that the chronometer can be carried without risk of disturbance) ;
to divide the operations into Four Series, numbered in sequence Fifth, Sixth, Seventh,
Eighth; to make no alteration whatever in the pendulums, nor, even to dismount
them, between oue series and another; but to make Pendulum 1821 hot and 8 cool
in the Fifth and Seventh Series, and Pendulum 8 hot and 1821 cool in the Sixth and
Eighth Series; and through the extent of each Series to keep up the Swings in
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incessant sequence, as in the observations at Harton. The uncontrolled conduct of
the experiments was entrusted to Messrs. Dunkin and Eriis; and I am confident it
will be found that they are inferior to none that have ever been made.

In all cases, the fires for warming the rooms were lighted nearly twenty-four hours
before the observations began.

67. When the pendulum-boxes were opened at Greenwich, two of the four thermo-
“meters which had been used at Harton were missing, and all attempts to trace them
have hitherto failed. Two thermometers belonging to the Royal Observatory (one
by THoMas JoNEs and one by TroueHTON and Simms) were substituted for them. It
would have been desirable to use the very same thermometers which were used in the
Harton experiment; but it is probable that, with the considerable range of tempe-
rature used in these experiments, the accidental differences between two thermometers
made by makers of repute will not produce any sensible effect on the result.

68. The following is the journal of operations :—

Fifth Series. Pendulum 1821 in heat.

1856. Jan. 1.—Observations commenced a little before noon. Mr. Dunkin observed
Pendulum 1821 from the beginning of Swing 83 to the beginning
of Swing 85. Mr. ErLis observed Pendulum 8 from the beginning
of Swing 83, and 1821 from the end of Swing 85, to the beginning
of Swing 87.

Jan. 2.—Mr. Dunkin observed 8 from the end of Swing 87 to the beginning of
Swing 89; Mr. ELuis observed 8 from the end of Swing 89 to the
beginning of Swing 91 ; and Mr. ErLis observed it from the end
of Swing 91 to the end of Swing 92. Mr. DunkiN observed 1821
from the end of Swing 87 to the end of Swing 92, nearly two hours
after midnight. This closed the Fifth Series.

Sixth Series. Pendulum 8 in heat.

Jan. 4.—Commencing about 1} hour before noon. Mr. DunkiN observed 1821
from the beginning of Swing 93 to the beginning of Swing 97.
Mr. Evuis observed 8 from the beginning of 93 to the beginning of
95; Mr. DunkiN from the end of 95 to the beginning of 97.

Jan. 5.—Mr. ErLis observed 1821 from the end of 97 to the beginning of 99 ;
Mr. Dunkin from the end of 99 to the beginning of 102; Mr. ELuis
at the end of 102. Mr. Eruis observed 8 from the end of 97 to the
end of 102, about 14 hour after midnight. This closed the Sixth
Series.
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Seventh Series. Pendulum 1821 in heat.

1856. Jan. 8.—Commencing about 2 hours before noon.  Mr. DuNkIN observed 1821
from the beginning of 103 to the beginning of 105 ; and Mr. ELLis
from the end of 105 to the beginning of 107. Mr. ELLis observed
8 from the beginning of 103 to the beginning of 107.

Jan. 9.—Mr. DunkiN observed 1821 from the end of 107 to the end of 112.
Mr. DunkiN observed 8 from the end of 107 to the beginning of
109; Mr. Eruis from the end of 109 to the beginning of 111; and
Mr. DunkiIN from the end of 111 to the end of 112, about 1} hour
after midnight. This closed the Seventh Series.

Eighth Series. Pendulum 8 in heat.

Jan. 11.—Mr. Dunkin ohserved 1821 from the beginning of 113 to the begin-
ning of 117. Mr. Eruis observed 8 from the beginning of 113 to
the beginning of 115; Mr. DunkIN from the end of 115 to the
beginning of 117.

Jan. 12.—Mr. ELLis observed 1821 from the end of 117 to the end of 118;
Mr. DunkIN from the beginning of 119 to the beginning of 121 ;
and Mr. ELuis from the end of 121 to the end of 122. Mr. ELLis
observed 8 from the end of 117 to the end of 122, about 2 hours
after midnight. This terminated the Eighth Series, and the whole
operation:

Secrion X.— Comparisons of Clocks.

69. The clocks were compared by means of a Solar Chronometer, sometimes three
times and sometimes four times at each interruption of Swings. When there are
three comparisons, all are made by one observer; when there are four, they are
usually (but not in every case) made by two observers. The discordance of the
different comparisons in each group does not exceed 0501 or 0*02.

The following Table contains the Mean of each group of comparisons, and the
computation of the Log. Rate of SHELTON upon EARNSHAW.

MDCCCLVI, 27z
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8 & | Approximate | Number | yroan of Times| Mean of Times Interval Interval SHELTON Log.
25 Coqr::fl):;i(s)ﬁn. gefnggﬁls-. by SuzrtoN. | by EARNSHAW. | by Smenton. | by EARNSHAW. Rateh_hEARNsaAw' RateEiii?;):w'
1856.
Jan. h h m s h m s hom s h m s

g3l O B34 g 5 el % 40 4187...13 11 48:95| 3 11 2947 | 10016345 | 000070928
84ole 11§ 4 |13 24 4175 5 b 2686 ©+4 7 39504 7 1552 | 10016164 | 0-00070142
85 1" 1o s |17 55 2267| 9 35 41-44" ~+4 30 40°92| 4 30 1458 | 1-0016245 | 000070495
86 1 15| 3 lob 19 atas|13 oo er6e |4 24 11:66| 4 23 4618 | 10016100 | 000069865
871 1 1o | 3 1 55 007 15 93 seag|oc3 32 26:34( 3 32 572 | 10016203 | 0:00070312
881 1" go | 5 |5 20 4007|20 0 simg| 3 58 44:00| 3 58 20°91 | 10016146 | 0-00070065
89-- g “H | 3 |0 50 shos| 1 13 ssaq|t3 42 958|341 4811 | 10016133 | 0-00070008
90wl 51 4 |13 30 56:25] 5 9 o143 58 2:00| 3 57 39:00 | 140016130 | 0:00069995
91 0 101 3 17 30 soen| o 30 sgugor| A 22 42| 4 21 3806 | 10016155 | 000070104
921 50 14| 3 Lot o 5650|137 ana0- |3 36 56:83| 3 36 3590 | 1-0016105 | 0-00069887
g3l B P2 4|0 6 AZO012] 39 438915 21 3900 | B 21 1975 | 10015936 | 000069154
gy Gl 4 Lot et bk SAtla 13 2475|413 056 | 10015935 | 0:00069150
95 4" 1o | 3 |17 40 3067| o 14 sag|4 0 2292|359 5983 | 10016035 | 0-00069584
96+ 4 14| 3 |or 34 1360 13 5 1ager|7r3 53 35:00( 3 53 1242 | 10016138 | 0-00070030
97+ 4" g | 3 [ 2 14 4000|17 47 1508 | 4 40 26:33| 4 39 5923 | 10016131 | 000069999
98- 4" oo | 5 |G 0 3467|21 3 dpgur| 3 45 5467 3 45 3273 | 10016212 | 000070851
99+ 5 T 2 10 a0 |P] o amag|c3 37 283|336 4177 | 10016198 | 0-00070291
100:e}-e 6 4 13 41 4600! 5 13 14039----0-4 4 8504 3 4481 10016191 | 0-00070260
101+ 2l D 50 5000 | § 20 Beog|d 9 00| 4 84381 | 10016209 | 0-00070338
102l B L D P Tia 13 55 Siagr|tt4 12 1775 | 4 11 5326 | 10016205 | 000070321
108 & 224 0 20 Spp0 |2 18 128813 87 41:00| B 37 1062 | 1-0016396 | 0:00071149
04 ¢ B4 1130 10ma| 5 0a ayrelrd 190 325|418 3771 | 10016458 | 0-00071418
105l & 101 5 |18 29 2990 | o 57 suap|4 44 925 | 4 43 4131 | 10016415 | 000071231
106+ 8 19 8 820 20| 987 210213 39 33| 3 38 4678 | 10016417 | 0:00071239
107 & 15| 5 %5 00 5907 |15 48 1oger| 4 12 234 4 11 3753 | 10016433 | 0-00071309
108 & o0 | 3 |G 4 5198|er 51 deeg| 3 43 5266 3 43 3066 | 10016405 | 000071188
109+ 0* 21 5 |0 43 0780 | 1 10 2|3 38 56-17| 3 38 3469 | 10016378 | 0:0007107)
10 0 Z | 4 13 52 2be0| 519 1ae0 |4 9 18:00| 4 85352 | 10016393 | 000071136
111eeeee o 10 3 |17 53 5767 9 20 2-69"'"'4 11217 4. 0 4849 | 1°0016390 | 0:00071123
e O L O T o sfol4 7 B08|4 6 4389 | 10016341 | 0:00070910
1188 2244 g gg Qg,gg 2 }? gzgé -3 58 47-00| 3 58 2391 | 1-0016143 | 0-00070052
el g4 11 gm0l 5 os sed 6 800| 4 5 4414 | 10016183 | 0-90070225
H5l11 10| 3 18 5 4967| o o 1aier|4 43217 4 4 839 | 10016234 | 000070446
B6-l11" 1y |3 lo1 40 14469 | 13 5 1779 |3 40 25:00| 3 40 357 | 10016230 | 0-00070429
N7 e | 3 |2 47 1060 |18 & segerD 1356000 5 1 565 | 10016247 | 0:00070503
811" g0 | 3 | G 40 2767|250 gy w3 52 38:00| 3 52 1535 | 10016254 | 0-00070533
190" P51 3 g 56 ras| 3 1 sodar|~-3 16 4008|315 2102 | 1-0016262 | 0-00070568
12012 E 1Y 13 10 shoe| 5 B0 saagr|4 14 4925 | 4 14 24441 | 10016273 | 0-00070616
121157 71 5 g 6 9100|1625 19.05 |4 55 2400 | 4 54 5510 | 10016322 | 000070828
122415 151 5 lod 59 2400|1913 oep.3 46 300 | 3 45 4097 | 1-0016270 | 0-00070603

SecrioNn XI.—Auxiliary Tables for the reduction of the observations of Coincidences.

70. The range of the Intervals of Coincidences in these experiments is not included

in the tables given in Section III. The table of log 11—;—}2 which is placed below

includes all that are required here.

preceding Series.

The method of using it is the same as in the

The tables used before for the Correction for Arc were sufficient for the'present
experiments.
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The range of temperature in the experiments now made greatly exceeded that for

the experiments in the mine.

In extending a table, so as to include an increased

range of physical conditions, there will always be some doubt as to the propriety of
selection of that mathematical function which is assumed to increase proportionally

with the indications of the physical measurer.

I have here assumed that the changes

of the logarithms of the temperature-correction are simply proportional to the changes
of thermometer-reading. The table below, therefore, is formed from the table in

Section III. by simple addition and subtraction of a constant number.

The table used for barometrical correction is the same which was used before.
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n—2 n—2 n-—2 n—2 n—2
n. Log.T. n. Log. — 7. Log. - Log. — Log. T- .
2695 | 999676502 || 2715 | 9:99678894 || 2735 | 9-09681250 || 277-8|9-99686202 | 279'8|9-99688454
6 6622 6 9012 27849 6315 || 280°9 8566
7 6742 7 9130 || 276+0|9:99684148 0 6429 0 8677
-8 6863 8 9249 .1 4263 °1 6542 :1 8788
‘9 6983 9 9367 2 4377 2 6655 2] 8899
27040 7103 || 272:0 9486 3 4492 -3 6768 3 9011
‘1 7222 ‘1 9604 4 4606 4 6881 4 9122
-2 7342 2 9722 5 4721 *5 6994 5 9233
3 7462 3 9840 6 4835 6 7107 6 9344
4 7582 41999679958 7 4949 7 7219 i 9455
5 7702 *5|9°99680076 -8 5064 -8 7332 8 9566
6 7821 6 0194 9 5178 9 7444 9 9677
7 7940 7 0311 || 277-0 5293 || 2790 7557 || 2810 9788
8 8060 8 0429 .1 5407 ‘1 7669 11999689899
9 8179 ‘9 0546 2 5521 2 7781 *2 1 9°99690009
271:0 8299 | 2730 0664 -3 5635 3 7893 3 0119
.1 8418 ‘1 0781 4 5748 4| 8006 4 0230
2 8537 2 0898 5 5862 5 8118 5 0341
3 8656 3 1016 6 5975 6 8230 6 0451
-4 8775 4 1133 7 6088 7 8342 i 0562
Thermometer. C(I)":;‘c%(:‘:ef‘) Thermometer. Cﬁg‘g‘i‘{‘;‘ggo Thermometer. C}’}:g%‘;’;;‘)
40-0 999997937 505 0:00000104 880 0:00007840
5 8040 510 0207 5 7943
410 8144 5 0310 89-0 8046
5 8247 52:0 0413 5 8149
42+0 8350 -5 0516 90+0 8252
5 8453 530 0619 Y 8355
4340 8556 5 0722 91-0 8458
5 8659 54+0 0825 5 8561
440 8762 -5 0928 92+0 8664
5 8865 550 1032 5 8767
450 8968 93-0 8870
5 9071 83+0 0:00006808 5 8973
46-0 9175 5 6912 94-0 9076
5 9278 840 7015 5 9179
4740 9381 5 7118 950 9282
5 9484 850 7221 5 9385
480 9587 5 7324 96-0 9488
5 9690 86+0 7428 5 9591
490 9793 5 7531 97:0 9694
5 9:99999897 87:0 7634 5 9797
500 0+00000000 5 798y 98+0 9900

2
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By the application of the numbers from these two tables, together with those for
Arc and Barometer, in the same manner as in the Harton Experiments, there is
obtained the ¢ Corrected Log. Rate of Pendulum upon Clock” referred to Barometer
0000 and Thermometer 50°; but affected by the full amount of the errors of the
table for corrections depending on the Thermometer.

SecrioN XII.—Adbstract of the Computaﬁons of the Rate of each detiched Pendulum
upon its Clock.

71. The whole of the reductions, for both stations, are included in the following
tables. :

Pendulum 1821. Fifth Series.

Number of Mean of orrect:
No. of Coincidences. Number of Mean Arc of Vibration. Thermo- Bbgr%ﬁezgr ng. R:tgdof
Swing. Intervals. Interval. meter Readings. Pendulum 1821
Beginning.| End. Beginning.| End. Readings. upon SHELTON.
s o in.
83 3 3 31 272:39 167 0+71 8436 29775 9-99692466
84 3 3 46 27281 1:92 0-54 8503 29750 3098
85 3 3 48 27305 2:08 0:54 8395 29705 3178
86 3 3 45 27310 2:09 0:59 84+49 29:645 3351
87 3 3 32 27301 1-85 0-77 8526 29605 3401
88 3 3 38 273-24 212 0:75 8578 29°585 3818
89 3 3 34 27323 1-97 077 8471 29-525 35563
90 3 3 44 27344 2:06 0-61 8331 29°460 3474
91 3 3 48 27310 187 051 8498 29:435 - 3356
92 3 3 33 27316 1475 0-71 8515 29-430 3487
Pendulam 1821. Sixth Series.
93 3 3 35 27914 2:01 0-74 5336 29570 999693872
94 3 3 47 27889 2:02 054 54:41 29°5645 3754
95 3 3 43 27904 1:93 057 53:38 | 29°535 3701
96 3 3 37 27900 222 0-78 5326 29°515 3739
97 3 3 46 27909 2:05 057 5325 29°465 3738
98 3 3 31 27896 2:16 089 52:91 29°430 8635
99 3 3 32 27898 2:04 0-82 5271 29:400 3562
100 3 3 45 279°02 1:94 054 5285 29-370 3533
101 3 3 44 27921 195 058 52:35 29°355 3653
102 3 3 43 279-34 2:11 063 51491 | 29:310 3744
Pendulum 1821. Seventh Series.

103 3 3 41 272:22 208 0:71 89-48 28:970 999693256
104 3 3 50 271°15 222 0-59 93:21 28985 2754
105 3 3 54 270°83 2:02 0-46 9560 29:010 2796
106 3 3 35 27154 1:93 074 92:00 29:025 . 2959
107 3 3 42 271-96 1:93 0-61 91-31 29050 3286
108 3 3 38 27162 2:00 072 93-70 29+070 3420
109 3 3 36 271-30 1-98 0:74 94-09 29-085 3124
110 3 3 48 27131 2:08 058 9411 29:070 3114
111 3 3 46 271-35 1:99 058 94-08 29:080 3142
112 3 3 - 38 271-05 1-90 0-68 9649 29110 3382
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Pendulum 1821. Eighth Series.
Number of

No. of Coincidences. Number of Mean Arc of Vibration. '1}/{131;13{ Bn:g;e?;gr ngrli%:::dof
Swing. Intervals. Interval. meter Readings. Pendulum 1821
Beginning.| End. Beginning.| End. | Readings. upon SHELTON.

8 ° in.

113 3 3 44 281:12 1-85 0:57 43:05 29°745 9:99693913
114 3 3 46 280°83 1-76 0:53 43-80 29-800 3731
115 3 3 45 280-93 1-95 0:55 43-80 29:880 © 3891
116" 3 3 36 28116 175 0-60 42-26 29975 3824
117 3 3 50 281°15 1-84 0:48 41-98 | 30075 3759
118 3 4 36 281-09 208 080 4168 30:190 3780
119 3 3 31 281°31 1-83 076 41+46 30°265 3928
120 3 3 46 28136 2:20 060 40-88 30-330 3902
121 3 3 54 28146 214 055 40°44 30-380 3906
122 .3 3 40 28165 1-85 0-67 40°54 30:420 4123

Pendulum 8. Fifth Series.
Number of
No. of Coincidences. Number Mean Arc of Vibration. mﬁ;ﬁf BMean of ng“ﬁ;feeif
i Swing. In te(;fvals Interval. meter RZ‘;)(;?; é:r Pendulum 8 upon
Beginning. End. : Beginning. End. Readings. EARNSHAW,
s o in.
83 3 3 29 277°91 170 075 47+80 29775 9:99691320
84 3 3 46 27788 1-96 0:56 47-81 29:750 1281
- 85 3 3 43 27791 1-94 059 4780 29705 1310
86 3 3 44 27791 2:01 0:60 4768 29645 1289
87 3 3 31 277-83 211 0:90 47+41 29605 1246
88 3 3 37 27791 1:96 072 47-28 29-585 1216
89 3 3 40 27791 1:86 0-60 4808 29:525 1319
90 3 3 44 27786 2:04 0-62 4818 29-460 1314
91 3 3 43 27788 2-14 0-67 4805 29-435 1337
92 3 3 33 277°97 1-79 0-72 47-96 29+430 1368
Pendulum 8. - Sixth Series.
93 3 3 37 269°56 221 071 8969 29570 999690259
94 3 3 48 270:15 1-97 0-58 88:80 29:545 0699
95 3 3 41 27038 221 074 84+45 29:535 0168
96 3 3 38 270-39 1-99 072 86-71 29515 0591
97 3 3 47 269-77 2:06 0-60 91:09 29-465 0722
98 3 3 32 27043 217 0-89 9000 29-430 1394
99 3 3 36 270-82 1-90 071 8678 29+400 1079
100 3 3 47 270-39 2:05 061 90-14 29:370 1255
101 3 3 45 270:08 2:14 0-68 89:19 293556 0721
102 3 3 39 27121 203 076 8526 29310 1253
s
Pendulum 8. Seventh Series.

103 3 3 26 27820 194 0-68 52:24 28970 | 999692447
104 3 3 47 27773 1-99 0:58 5245 28985 1945
105 3 3 48 27771 2:18 067 51:91 29010 - 1876
106 3 3 33 27776 2:15 0-89 51-03 29:025 1818
107 3 3 41 27794 1-93 069 50-79 29:050 1870
108 3 3 37 27791 223 0-86- 5006 | 29-070 1803
109 3 3 40 27825 1-93 073 48+83 29:085 1832
110 3 3 48 27832 2:32 069 4861 29-070 1930
111 4 3 40 27836 2:08 076 4871 29:080 1967
112 3 3 36 27853 1-94 0-80 4823 29:110 2052
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Pendulum 8. Eighth Series.

Number of
No.of | Coincidences. Number Mean Are of Vibration. ’lMiaee?:ng{ BMean (5 ng.r li%::s%)f
Swing. Int of al Interval. meter Rz::i?ne :r Pendulum 8 upon|
' Beginning.| End. Thervas. Beginning.| "~ End. Readings. g% ~ Earnsuaw.
s ° in.
113 3 3 45 27014 2:20 0:68 94+28 | 29745 999691921
114 3 3 47 270:57 2:02 0+61 9244 29:800 2012
115 3 3 42 27021 2:08 072 93-11 29°880 1775
116 3 3 37 270°51 1492 | 074 9444 29:975 2399
117 3 3 53 271-08 1-98 0:50 91-29 30:075 2397
118 3 3 36 27093 210 0-83 93-39 30190 2787
119 3 3 35 26997 2:10 0-82 9580 30+265 2146
120 3 3 49 26978 2-11 058 98:00 30-330 2313
121 3 3 52 270-78 2:07 055 9578 30380 3047
122 3 3 42 270°90 1-95 0:66 94-39 30420 2917

SectioN XIIL.—Computation of Log. Rate of Pendulum 1821 on Pendulum 8 ; com-
bination of individual results ; and conclusion on the amount of temperature correc-
tion, and on the result of the Harton Lxperiment.

Rate of Pendulum 1821
Rate of Pendulum 8
formed in Section VI., by combining together

Rate of Pendulum 1821 Rate of SHELTON ‘ Rate of Pendulum 8

72. The quantity Log. is formed, as a similar quantity is

Log. Rate of SHELTON + Log. Rate of EARNSHAW Log. Rate of EARNSHAW'
Results for the Log. Rate of Pendulum 1821 upon Pendulum 8,
Fifth Series. Sixth Series. Seventh Series. Eighth Series.

G Rate Pendulum 1821 || 6 & Rate Pendulum 1821 || € & Rate Pendulum 1821 || € & Rate Pendulum 1821
S " ~ate Pendulnm s’ | S B Log. ~Rote Pendulon s | SF Log. =~ . d'g Log, —— -~~~ 7%,
= 2 ate Pendulum 2 E Rate Pendulum 8 = (;F) Rate Pendulum 8 Z 8 Rate Pendulum 8
83 0:00072074 93 0:00072767 103 0:00071958 113 0:00072044
84 71959 94 72205 104 72227 114 71944
85 72363 95 73117 105 72151 115 72562
86 71927 96 73178 106 72380 116 71854
87 72467 97 73015 107 72725 117 71865
88 72667 98 72592 108 72805 118 71526
39 72242 99 72774 109 72363 119 72350
90 72155 100 72538 110 72320 120 72205
91 72123 101 73270 111 72298 121 71687
92 72006 102 72812 112 72240 122 71809

73. We have now to consider how the individual results of cach Series are to be
combined. And here it is to be remarked, that the principal cause of error is not, in
these experiments, the uncertainty of comparisons of clocks (which was almost the
only source of error in the experiments at the mine). It is probable that the amount
of uncertainty from this cause is here nearly unappreciable. The principal sources
of ervor will lie in the circumstances of the pendulum-observations ; chiefly, perhaps,
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in the insecurity of the indications of the temperature of the pendulums, as inferred
from the readings of the neighbouring thermometers. After consideration of these
points, I have thought it best to give equal weights to the results. And for compa-
rison with the simple mean of these, I have taken the simple mean of the thermo-
meter-readings. Thus I obtain,—

Log. Rate Pendulum 1821 | Temperature of Temperature of
Rate Pendulum 8 1821. . 8.
Fifth Series ....covvrveereerrienieeeeennnes 0:00072198 8471 4780
Sixth Series ....ecvviveiiiiininiiiiineiinen, 0:00072827 53:04 88-21
Seventh Series ...cccccvvviiiiiiiiiiiininnen 0:00072347 93-41 5029
Eighth Series....c.cccvvuiuiiiiininininnnns 0:00071985 41-99 94:29

The interpretation of these numbers is not without difficulty. From the care taken
by the observers, it was supposed that the material state of the pendulums would be
sensibly the same during the whole continuance of the observations, and it was
expected therefore that the results of the Fifth and the Seventh Series would be in
close accordance, and that the results of the Sixth and the Eighth Series would be
in close accordance. Now the fact is, that the results of the Fifth and Seventh Series
agree pretty well, when regard is had to the circumstances of forced temperature
(the discordance 0:00000149 corresponds to 053 per day nearly, or to 0°72 of tempe-
rature) ; but the discordance between the Sixth and Eighth is 000000842 (which
corresponds to 1%68 per day, or to 4°09 of temperature). It would therefore seem,
at first sight, that there is strong reason to suppose that some change took place in
one of the pendulums after the Seventh Series.

74. As there is no reason whatever for supposing a change before the end of the
Seventh Series, let us take the mean of the Fifth and Seventh Series, and compare it
(A.) with the Sixth Series alone, (B.) with the mean of the Sixth and Eighth Series ;
and from these comparisons let us in each case obtain a relation between the two
pendulums nearly independent of temperature. Thus we shall have,—

Comparison A.

Log. Rate Pendulum 1821 | Temperature of Temperature of
Rate Pendulum 8 8.

Mean of Fifth and Seventh Series ...... 0-:00072273 853-06 4§'04
SIEth Series .vvevievvveneerirrerseinsecnnnns 0:00072827 5304 . 8821
Mean of the two lmes ..................... 0:00072550 7105 68:62

Comparison B.

Mean of Fifth and Seventh Series ...... 0:00072273 89+06 49-04
Mean of Sixth and Eighth Series ........ 0:00072406 4752 9125
Mean of the two lines ........ccoeveeceenns 0:00072340 6829 7015

When it is considered that corrections for temperature have already been applied,
founded on the best materials to which at present we have access, it will be per-
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ceived that the two “ Means of the two lines” are almost strictly independent of tem-
perature. Now we have, in the Harton Experiment, other means of determining the
relation between the pendulums. In article 45,

Rate Pendulum 8 below

LOg- ato Pendulum 1891 abovs =2 99928558
Rate Pendulum 1821 below .
Log Rate Pendulum 8 above —0 00073694.

Subtracting the first from the second, and dividing by 2, the effect of the mine is
eliminated, and that of temperature is sensibly eliminated ; and we obtain

Rate Pendulum 1821
Rate Pendulum 8 =000072568.

Log

This agrees so nearly with the result of Comparison A, as greatly to increase the pre-
sumption that some change took place in one pendulum after the Seventh Series.
75. Let then = be the increase (in units of the 8th decimal of the logarithm) which
ought to be made for every degree of temperature. Taking the difference between
the two first lines of Comparison A,
554=xX 7519,
whence z=7'37 nearly

1 . .
=35g of the correction employed in our tables.
As the mean excess of temperature at the lower station in the Harton Experiment
was 7°:13, the correction to be added to the rate below is 53, or the correction to the
gravity is 106. Therefore (see article 45),

Log Gravity below

Gravity below
Gravity above

* Gravity above =100005429.

—=000002358, or

Using this number in the equation of article 60,

000006603 =000017984 X %,

whence %: 2°7236.
And the Earth’s mean density (article 62) will result 6:809.
76. If, however, we used Comparison B in the same way, we should have
133=x X 8375,
whence =159 nearly,
or the alteration to be made in the Earth’s mean density is less than one-fourth of

that resulting from Comparison A. This gives for the Earth’s mean density 6:623
nearly.
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ADDENDUM.

On communicating with Professor StokEs, in reference to the effect of the Earth’s
rotation and ellipticity in modifying the numerical results of the Harton Experiment,
I was favoured by that gentleman with an investigation, which, with his permission,
I subjoin as a valuable addition to my own paper.

] shall suppose the surface of the Earth to be an ellipsoid of revolution, and will
employ the notation made use of in my paper on Crairaut’s Theorem, published in
the fourth volume of the Cambridge and Dublin Mathematical Journal. In this,

V is the potential of the Earth’s mass.

r, 8 are the polar coordinates of any point in or exterior to the Earth’s surface;
r being measured from the centre, and ¢ from the axis of rotation.

a is the equatorial radius.

e the ellipticity.

» the angular velocity.

m the ratio of the centrifugal force to gravity at the equator.

E the mass of the Earth.

v the angle between the normal and radius vector at any point of the surface.

In the following investigation, small quantities of the second order are neglected,
¢ and m being regarded as small quantities of the first order.

wQ .
If U=V+ 5 r*sin4,
the differential coefficients

dU 14U

dr’ T di
will give the components of the force along and perpendicular to the radius vector ;
and, g being the force of gravity,

— dUu , . 1dU,
8= COS”W—FSH”;'M’

. . dU -
which becomes, since » and —- are small quantities of the first order,

__4dU,
E= "
Let v be measured along the vertical ; then
dg __ dy o 1 dg
%—COSV'% Slnv;zé’

or, to the first order,
dg _dg___d°U.

v dr  dr?

Let c.be the depth of the mine; then if <%>2be neglected, we shall have for the

MDCCCLVI. 3a
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gravity below

‘gravity above (which I will call F), calculated on the supposition

value of the fraction

that all the attracting mass is internal to both stafions,

F=l—£ @;

g dv

where, after differentiation, r is to be put equal to the radius vector of the surface,
namely a(1—¢cos®d). Now the value of V (Article 5 of the paper referred to) is

E E: 1 3 1
V= i <—a—e-—§ w2d2>§§(0082 9—5),

which is true, independently of any particular hypothesis respecting the distribution
of matter in the interior of the Earth; so that

E Ee 1 3 1 w? .
U=—— (7;—5 w2a2>:jlg<cos2 0— §> —I—% r?sin® ¢
dU
and g§=—
E E: 1 3 1 .
=—3 ({—§w2a2>‘—l4—<cos 0— §> —a’rsin®é,
d d
whence —3%= —3%
2K 1

——-—-12( 2ma)a3(c0520——) + 4 sin® 4.
Putting now r=a(l—:cos’d), »’=m &EE, we find
=g’§(l -+2¢ cos®9) —%(e—%) (cos2 0—% —m %(l —cos?d)
=%{1+ <§gz-—e)cos20—|—e—%—m}
dg_2E

—Z =221 43¢ 20)——-( m)(co S0—1 )+ T (1—cos*d)

2k 5
=—u—3{1 + (——g—- 39) cos?d+- 23—-%}-
Whence

14 (5—;—&—35) cos20+23—%

Sy
Qi

S

5m 3m
—_ <~2——e>cos2 f—e+5-

—._-%{1—22 cos®’d4-¢4-m} ;
and therefore

F=1422{1—2s cos*0+s+m}.
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Now the method adopted in the ¢ Account of Experiments,” &c., article 57, gives
ldg 2 2¢
-—;%:7:;(1-}8 cos?d),
2
whence F=1 +;c(l ¢ cos?d).

Therefore, if R be the ratio of the value of F —1 given above, to F—1 as calculated
by the method of the ¢ Account of Experiments,’

1—2¢cos?b+e+m

R= 1-+4¢ecos?d

=1~ 3¢ cos®d+¢-+m.

If I be the geocentric latitude of the place, we may in the small term replace ¢

; ) 1
by 90°—/; and since cos® d=sin’/=5(1—cos 2/), we find
R=1+m—§+%€cos 21.

1

Now m= 3

1
E=§m=0 00333

I, for Harton, =54° 48';
R=1+40'00346—000334=1:00012.

That R should have been so very nearly equal to unity, depends upon an accidental
numerical relation between the values of m, ¢, and /. At the equator, R—1 would
have been as great as 0°00679.

In article 60 .of the ¢Account, F—1 was found ='00012032; whence
R.(F—1)='00012033 ; which only alters the final value of the mean density in
the ratio of 6836 to 6835, giving for result

6°565.
At the equator, the correction to the deduced value 6:566 would have been —-077.”
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